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In this paper, we have introduced the concept of a bipolar fuzzy AB —ideal of AB algebra and also we proved
some relevant characteristics and theories. We also studied the bipolar fuzzy relations on AB algebras ,
notion of bipolar fuzzy AB-ideals in AB-algebras and some related properties are investigated. Also we
introduce the homomorphic image and pre-images of bipolar fuzzy AB-ideals and present some of its

properties.
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INTRODUCTION;

The concept of fuzzy set was introduced by Zadeh' in 1965. In fuzzy sets the membership degree of elements range
over the interval [0,1]. The author Zhang® commenced the concept of bipolar fuzzy sets as a generalization of fuzzy

Cartesian

sets in 1994. In case of Bipolar-valued fuzzy sets membership degree range is enlarged from the interval

[-1, 1]. K.1seki® introduced two classes of abstract algebras:BCK-algebra and BCl-algebras. It is known that the class
of BCK-algebras is proper subclass of the class of BCI- algebras. In 2017* introduced a notion of AB-ideals in AB—
algebras. In this paper we define a new algebraic structure of bipolar fuzzy AB-ideal in AB-algebras and discuss the
properties of bipolar fuzzy AB ideals of AB-algebra under homomorphism.

2. Preliminaries

In this section, we site the fundamental definitions that will be used in the sequel.

2.1 Definition

An AB-algebra is a nonempty set X with a constant 0 and a binary operation * satisfying the following axioms

i. 0*x=0
ii.x*0=x

. (x*y)*(z*y)*(x*z)=0 forall x,y,zeX ,

In X, we can define a binary relation < by x <y ifand only if x * y = 0. Then (X, <) is a partially ordered set.

2.2 Example Let X ={0,1,2,3 } be a set with the following table
*

0 1 2 3
0 0 0 0 0
1 1 0 1 0
2 2 2 0 0
3 3 3 1 0

(X ,*,0) is an AB-algebra.
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2.3 Definition

In any AB-algebra X, the following axioms holds is a nonempty set X with a constant 0 and a binary operation *
satisfying

i. (x*y)*x =0

ii. X<y implies x*z <y*z

iii. x<y implies z*y < z*x ,forallx,y,zeX ,
Remark: An AB-algebra is satisfies for all x,y,ze X

I (x*y)*z = (x*2)*y
ii. (x*(x*y)*y=0

2.4 Definition
Let (X ,*,0) be an AB-algebra. A nonempty set | of X is called an ideal of X if it satisfies
i.0el
ii. x*(y*z)eland yelimply x*z e |, forall x,y eX.
2.5 Definition

A fuzzy set pinan AB-algebra X is called a fuzzy AB-subalgebra of X if
p (x*y) = min {p(X),u(y)}, forall x,y eX

2.6 Definition
A fuzzy set pinan AB-algebra X is called a fuzzy AB ideal of X if
I 1(0) = p (X)
ii. u(x*z) > min {p(x *(y*z)), u(y)} forall x ,y,z eX

2.7 Definition

Let X be a non-empty set. A bipolar-valued fuzzy set or bipolar fuzzy set p in X is an object having the form
=X, u(x), u(X) ) : xeX}where p: X — [0,1]and pu”: X — [-1,0] are mappings. For the sake of simplicity, we
shall use the symbol p = (u*,u”) for the bipolar-valued fuzzy set u = {(x, u*(x), L' (X)) : xeX}.

2.8 Definition

A bipolar fuzzy set u of an AB-algebra X is a bipolar fuzzy subalgebra of X  if forall x,y €X,
Lo (x*y) = min {p'(x), 1" (V)}
Hi. p(x*y) < max {pu(X), B ()}

2.9 Definition
A bipolar fuzzy set u of an AB-algebra X is a bipolar fuzzy AB ideal of X if for all X, y X,
i u'(0) 2 '), 1w(0) < px),
ii. W'(x*2) >min {p'(x*(y*z), 1" ()}
il (X * z) <max {u(x*(y*z), w(y)}

2.10 Definition

Letu= (u',u) ,e=(¢", ¢ ) are bipolar fuzzy subsets of an AB -algebra X Then a product p x ¢ = ( (1 x )",
(ux @) )where (ux @) : XxX—1[0,1]and (ux @) : X x X— [-1,0] are mappings defined by

i (ux @) (xy)=min { (1" (x), 0" (y))/ forall x,y e X}

i (ux @) (xy) =max{(u (x), ¢ (y)/ forall xye X}

2.11 Theorem

If p=(u", u)ande= (¢ ¢ )aretwo bipolar fuzzy AB-ideals of an AB-algebra X, then (u N o) is a bipolar fuzzy
AB-ideal of an AB-algebra X.

Proof: Let p=(u*, p~ ) and ¢ = (", ) are two bipolar fuzzy AB-ideals of an AB-algebra X. For any x,y € X
(N @=(wne) 0*x)
=min {p" (0*x), 9" (0*x)}
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>min{min {u" (0), " (x) }, min{u" (0), " (x)}}
= min{ n" (x), 0" (X}
= (LN o) (x)
(LN ) (0) >(nNn @) (x) and
(LN e) (0,0)=(nne) (0*x)
=max {u (0*x), ¢ (0*x)}
<max{max {u" (0), w~ (X}, max {o (0), ¢~ (X)}}
= max{ pn (x), ¢ (X}
= (nno) (Xx,x)
rno) O)<(mno) (X)
i (LN @) (x*2)=min{u" (x*2z), ¢ (x*2)}
>min{min {u" (X * (y * 2)), u" (y) }, min{o" (x * (y * 2)) , 0" (¥)}}
=min{min {u" (x * (y * 2)), " (x * (y * 2)) }, min{u" () , 0" (¥)}}
=min{ (uN @)" (X * (Y *2)), (LN o) ()}
(LN o) (x*2)> min{ (LN )" (X*(y*2)), (uN @) ()}

iii. (uNno) X*2)=max{u (x*2z), ¢ (X*2)}
< max{max {u” (x * (y * 2)), p (y) } max{o™ (x*(y *2)), ¢~ (¥)}}
=max{max {u” (x * (y *2)), ¢~ (x* (y *2)) }, max{u” (y), o" (¥)}}
=max{ (n N ) x*(y*2), (nne) ()}
(rno) X*2)< max{(nn o) X*(Y*2), (nn o) ()}

2.12 Theorem
If u=(u", n)and ¢ = (¢",¢ ) are two bipolar fuzzy AB-ideals of an AB-algebra X, then (1 x ¢) is a bipolar fuzzy
AB-ideal of an AB-algebra XxX
Proof: Let p = (u*, u ) and ¢ = (¢", ) are two bipolar fuzzy AB-ideals of an AB-algebra XxX. For any (X,y) e
XxX
I (kx9)"(0,0) = (1 x @) ((0,0)* (X1,%2))
= (ux ) ((0*x1), (0*xz))
=min {u" (0 *Xy), ¢" (0 * x2)}
> min{min {u" (0), u* (x2) }, min{u" (0) , ¢ (x2)}}
= min{ p* (x1), 9" (x2)}
= (ux o) (X1, %)
(b x0)" (0,0)>(ux @) (X1,%) and
(Lx @) (0,0) = (ux ¢) ((0,0) * (X1, X2))
=(nx9) (0% x1),(0*x))
=max {u (0*xy1), ¢ (0* x2)}
<max{max {u" (0) , p~ (x)}, max {¢~ (0) , ¢~ (X2)}}
= max{ u (x1), ¢ (X2)}
= (Lx9) (X1, X)
(hx @) (0,0) < (ux ) (X1,X)
ii. min {(u x 0)" (X1X2) * (Y1.Y2) * (21,22))) , (R x 9)" (YY)}
min {(u x @) ((Xu.X2) * (Y1* 21, ¥2*22)) , (L x 0)" (Yn,Y2)}
min {(ux @) (Xe* (Y1 *z1), Xe* (¥2%22)), (L x 0)" (YY)}
min {min {u" (X* (1 *21)), ¢ (2 * (Y2 * 22))} , min{u" (y1) , ¢ (¥2)}}
min {min {u* (x* (y2 * 22)), 1" ()}, min{ ¢" (x:*(y2 * 22)) , 0" (2)}}
min {u" (x* 21) , " (X2* 22)}
(X 0)" (Xa* 21, Xo* 22)
(Lx @) (X1, X2) * (21, 22))
(1% 0)" (X1, %2)*(22,22)) = min {(1 x @) (X2, %2)*((Y1.Y2)*(21,22))) , (0 x 0)" (Y.Y2)}

{1 O VAN | | B I |
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i, max {(u x @) ((X1,X2) * ((Y1.Y2) * (21,22))) » (W x @) (Y1.¥2)}

max {(u > @) ((X1,X2) * (Y1* Z1, ¥2* 25)) , (W x )" (Y1.Y2)}

max {(ux @) (Xe*(y1*z1), X2*(Y2*22)) , (W x @)™ (Y1.Y2)}

max {max {p~ (X* (Y1 *21), @ (X*(Y2*2z2))} , max{ p (y1) , ¢ (v2)}}
max {max {u” (Xo* (Y1 *z1), 1 (yo) } » max{ ¢~ (X2*(Y2*z2) , ¢ (Y2)}}
max {i (X1*21), ¢ (X2*22)}

(Lx ) (X1™ Z1, %™ 22)

(L x @) (X1, X2) * (21,22))

(1 x @) (X1, X2)*(21,22)) = min{(p x ©)~ (((X1,X2)*(Y1.Y2))*(21,22)) , (1 x @)™ (Y1.Y2)}

In v

2.13 Theorem
Let u=(u', u )and ¢ =(¢',¢ ) be two bipolar fuzzy sets in AB-algebra X such that p x o is a bipolar fuzzy AB-
ideal of AB-algebra XxX then
(i) Either u" (0)>p" (X), w (0) < (x) or
0 (0)> ¢ (X), 0 (0)<¢ (x)forall xeX
(i) If p" (0)>p" (X)), u (0)<u (x) forall xeX, then
either ¢"(0)> p'(x) and@ ()< (x) or 0" (0)= ¢"(x), ¢ (0) <o (x)
(iii) If " (0)> ¢" (X), 9 (0) <o (x) for all xeX,
then either u” (0)> " (x), " (0) < (x) or u' (0)=0" (), 1w (0) <o (X)
Proof: Let p=(u", u” ) and ¢ = (¢*,¢" ) be two bipolar fuzzy sets of an AB-algebra XxX.
i. Assume that p (X) >p (0) = p" X)>p" (0), u” (X)<p (0) or
o) > ¢ (0)=¢"(0)> 0" (x), ¢ (0) <@ (x), for some x,yeX , Then
(mx o) (x,y)=min{u" (x), " ()}
>min{ u* (0), ¢ (0)}
= (Lx )" (0,0) and
(Lx o) (x,y)=max {u (x), ¢~ ()}
<max{ u (0), o (0)}
= (nx9) (0,0
ie. (ux )" (xy)>(uxe) (00) and (uxo) (XY)<(ux¢) (0,0)
forall x,y eX ,
which is a contradiction. Hence (i) proved.
ii. Assume that u (X) > (0) = p" (X)>u" (0), u (X)<p (0) or
o(y) > (0) = ¢" (0) > ¢  (X), ¢ (0) < ¢ (x), for some x,ye X, Then
(mx )" (x,y)=min{pn" (x), " (¥)}
>min{ p* (0), ¢ (0)}
= (ux)"(0,0) and
(mx@) (x,y)=max{u (x), o (¥)}
<max{ n (0), o (0)}
= (nx9) (0,0
e (ux o) (xy)>(Rx) (00) and (uxo) (xy)<(uxe¢) (0,0)
forall x,y eX
which is a contradiction. Hence (ii) proved.
(iii) The proof is similar to proof (ii)
Remark: Converse of the above theorem is not true in general.
2.14 Definition
A fuzzy subset p of X is said to have sup property if, for any subset A of X, there exist a, € A such that u (a,) = max

{1 (a);acA}.

2.15 Definition
Let X and Y be any two AB-algebras. Let u=(u*, u)and ¢=(¢", ¢ ) are bipolar fuzzy subsets in X and Y
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respectively. Let f : X — Y be a mapping , then f(u) ,the image of  is the bipolar fuzzy subset f(w) = ( (f(w))*, (f
(w)") of Y defined by for all f(x) = ye Y ,where xe X

(f(w)" (f(x)) ={ max {u’ () :x e f(y) }, if f(y) #

0 , Otherwise
and
(f() (F)) = [ max{w (x):xef ()}, if f(y)#o
0 , otherwise
also the pre-image f (5, ) of o, under f is a bipolar fuzzy subset of X defined by f o) x)=0"

(), (F () ()= (F(x)).

2.16 Theorem : Let f : X —»Y be a homomorphism of an AB-algebra .If u is a bipolar fuzzy AB-ideal of X with sup
property. Then the image f(u) is a bipolar fuzzy AB-ideal of Y.
Proof: Let f: X —Y be a homomorphism .
Let u be a bipolar fuzzy AB-ideal For any x,yeX
i (f(W)"(0) = n" (0) > p* (x) = (f(w))" f(x) and
(f()) (0) = p (0) < p (x) = (F(W)) f(x)
ii. (f(w)" (F)*(2)) = (F(w)) "f(x*2)
=" (x*2)
>min { 1 (X*(y*2)), 1" (¥)}
=min { (f(W)" f(x*(y*2)) , (F(w)" f(¥)}
=min { (f(w)" (F(x) * f(y *2)) , (f(w)" f(Y)}
>min { (f(w))" (F)* (f(y) * (@) , (F()" f(y)}
(F(1)" (fx)*f(z)) = min { (f())" (F)* (F(y) * 1(2)) , (F(w)" f(y)}
and  (f(w) (F)*f(2)) = (f(n)) f(x*2)
=p (x*2)
>max { p (X*(y*2)), u (¥)}
=max { (f(n))” fOx*(y*2)) , (F()) f(y)}
=max { (f(w) (f(x) * f(y *2)) , (F()) f(y)}
=max { (f(w) (fFC)™* (F(y) * £(2)) , (F(w))” f(¥)}
(f(W)” (f(x)*f(z)) = max { (f(n))” (FO)* (Fy) * f(2)) , (F())” ()}
Hence, f(u) is a bipolar fuzzy AB-ideal in Y.

2.17 Theorem : Let f : X —Y be a homomorphism of an AB-algebra .If ¢ is a bipolar fuzzy AB-ideal of Y, then
f'(¢) isabipolar fuzzy AB-ideal of X.
Proof: For any xe X
@0). (f ’ll(tp))+ () =0" (f(x) < ¢" (f(0)) = (f ’f(cp)): (0)
(f (o) () =9 (x)= ¢ (F(0)=( (o) (0)
(0 ) =0 (f(x), (f (¢)) (x)=¢ (f(x)).
(i) (F “(9)) (x*2) =9~ (f(x*2))
=" (f0) *(2) )
= min { ¢~ (f(x) * (f(y)*f(2)), ¢ " (f(y))}
min { ¢ (()* f(y * 2)) . ¢ (f(y))}
min { " (fx * (v *2)) , 0" (FY)}
- min { (f (o))" (x* (v *2)) . (f (o)) 1)}
(f (9))" (x*2) = min { (f “(¢))" (x*(y*2)) , (f (¢)" (v)} and
(f (@) (x*2) =~ (f(x*2))
=¢ (f(x) *f(2))
max { ¢ (f(x) * (f(y)*f(2)), ¢~ (f(y))}
max { ¢~ (f(x)* f(y * 2)) , ¢~ (f(y))}
max { ¢ (f(x * (y *2)), ¢ (f(y))}
max { (f “(9)) (x*(y*2)) , (F "(¢))” ()}
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(F () (x*2) <max { (f () (x*(y*2) , (F (¢)) )}
f(B) s a bipolar fuzzy AB- ideal in X.
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