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ABSTRACT. The article considers a parabolic-type boundary value problem with a
divergent principal part, when the boundary condition contains the time derivative of the required

function.

U = a;(x, t,u,Vu) + a(x, t,u,Vu) =0
i
AoUy + a; (x, t,u, Vu) COS(V, xi) = g(xl t, u)l (xl t) € St )
u(x,0) = up(x) , x €N

In such non-classical problems with boundary conditions, in which the electromagnetic
wave is located, or if the surface of the body is the same, the temperature is the same at all its
points, it is washed off with a good mixed liquid.Such problems have been little studied, therefore,
the study of problems of parabolic type, when the boundary condition contains the time derivative
of the desired function, is relevant.In this paper, a generalized solution of the problem under
consideration is defined in the spaceP}T'l(QT).The aim of the study is to obtain conditions under
which the estimate of the error of the approximate solution in the norm H!(Q)has order
O(h"_l). The article first considers an auxiliary problem of elliptic type.Under certain conditions,
the conditions are involved in the equation and the boundary condition, estimates are obtained for
the solution of the auxiliary elliptic problem under consideration.Further, under the condition that
the problem is elliptic, inequalities are obtained for the difference of the generalized solution of the

considered parabolic problem with a divergent principal part, when the boundary condition contains
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the time derivative of the desired function and the solution of the auxiliary elliptic problem.These
estimates allow obtaining estimates of the error of the approximate solution of the Bubnov-Galerkin
method for the solution in the normH' (Q)having order0(#*~")for the considered nonclassical
parabolic problem with divergent principal part, when the boundary condition contains the time
derivative from the required function.
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Introduction.When studying a number of topical technical problems, it becomes necessary
to study mixed problems of parabolic type, when the boundary condition contains the time
derivative of the required function.Problems of this type arise, for example, when a homogeneous
isotropic body is placed in the inductor of an induction furnace and an electromagnetic wave is
incident on its surfaceSome nonlinear problems of parabolic type with a boundary condition
containing the time derivative of the required function were considered, for example, in [1-3].Many
scientists were engaged in the construction of an approximate solution by the Galerkin method and
obtaining a priori estimates for an approximate solution for parabolic classical quasilinear problems
without a time derivative in the boundary condition: Mikhlin S.G., Douglas J. Jr, Dupont T., Dench
JE, Jr, Jutchell L and others [4-9].And quasilinear problems, when the boundary condition contains
the time derivative of the required function using the Galerkin method, were studied in [10-13].

Statement of the problem. In this paper, we consider a quasilinear problem of parabolic

type, when the boundary condition contains the time derivative of the required function:

d
Uy — d_xiai(x; t,u,Vu) +alx, t,u,Vu) =0

aou, + a;(x,t,u, Vu) cos(v, ) = g, t,u), () ES, @
u(x,0) =uy(x) , x €N
where 2 — bounded domain in,m = dim — dimension of domain {2, Q = {Q X [O,T ]},
S; = {8Q><[O,T]}, ap = const > 0

Definition.A generalized solution from the spacef}m(QT) ={u e H"''(Qp):aou, €
L2(ST)to problem (1) is a function fromH 1, 1 7satisfying the identity
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f(utn + a;(x, t,u, Vu)n,, + ax, t,u, Vu)n) dxdt +
Qr

+ fsT (agu; + g(x, t,u)))n) dxdt = 0 (2)
vn € HY'(Qr)
HereL, (22) — is the space of a function with scalar product
(u,v)z, = (U, v)g + ag(u, v)s

The purpose of this article is to find out the conditions under which the estimate of the error
of the approximate solution in the normH* (Q)is of orderO(hk_l), 1 < k < rwe assume that the
setM = M,is chosen from the familys; .
Main results:

We first investigate the following elliptic problem:Find a function W (x, t) €M satisfying the
integral identity [14-15].

(ai (x,t,u,Vu) — a;(x,t,u, VIW), in)Q +Au—W,v)q =
(gx, t,u) — —g(x, t, W),v)s, YveM,

whereu-the solution of the problem (2).

Suppose A is such a sufficiently large positive number that problem (3) has a unique

solution.

In what follows, assume that the following norms are
bounded”u”(Lw(O,T,LOC(ﬁ))’ ||Vu||(Lw(O,T,Lw(Q))’ ”W”(Loo(oszLoo(ﬁ)) ] S ”VW”(LOQ(O,T,LOO(ﬁ)) S

K = const, 4)

Note that the boundedness of the norms in (4) for W (x, t) was proved in Wheeler [16], under

the following assumptions:
1) DomainQ = X, (a;, d;), a; < d;-parallelepiped inE,,

2) The spaceM,-is the tensor product of Hermitian polynomials of degree 2k — 1,which

are defined on an almost uniform partition

A = XT | A;of the domainQ HereA,- partition [a;, d;]. ToutupaBaomepubiM\Wheeler calls

an almost uniform partition for which there exists a constant C such that

E/plSC, 1<, ]Sm,

wherep;and p; -largest and smallest length of intervals inA;respectively
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3) ueL,(0,T;K™*(Q)  r="=

whereK™*-space of functions and with the following properties:
uec1(Q), D lu - absolute continuous and
D" ueL..(Q).
Theorem I.Letu € H*(Q),1 < k <r, andW (x,t)- the solution of the problem (2) u (3)
respectivly. SetM = M,selected from the family
S, . Moreover, let the condition is performed:
(0 — 4 (@:(x, t,u,p) = a;(x, t,u,q)) = c(p — q)*, c=const> 0(5)
andfunctionsa, (x, t, u, Vu)satisfy the Lipschitz condition with respect to Vu, and the functions g
(x, t, u) with respect to u.Then the inequality is true
il < Clullye™,  1<ksr (6)
Proof.In equality (3), we take as a test functionv =i — W =n — —-6u, Su=u—1, Vii €
M .Duetotheellipticitycondition (5), fromequality (3) wehave
v 1901l ) + Az, )
< (al- (x,t,u,Vu) — a;(x, t,u, VIW), (Su)xi)Q + A(n, du)
+ (g0 tu) — gl e, W),n — du)s
Estimating the last terms from above using the Cauchy inequality with ¢ and|full,,) <
ellVull?, ) + Cellullf, ) (7)
we get[17-21].

2 3 9 A 3 2 2
(? - Egoe) IVallz, ) + (5 3 ngl-) 71, = CllSulli gy,

whereC,is determined from the Cauchy inequality. We take heree = 6”—1 Therefore, ifA > 3C, g,

90
then|7l|%1 0y < ClloullZ1 )
Hence, due to the arbitrariness of the functionii € M,and the definition of the familyS; we obtain
the estimate (6).
Theorem 2.Let the solution of problem (2) satisfy

u(x,t) € Lq(O, T, Hk(g)),
u, € LZ(O, T, Hk(Q)) N, (0, T,L~(Q)) nL (0T W (@), 1sk<r (8)

where
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0<y<ac<gl 9] 2q
—_ a —_ ) = ~ )
2(m—1
- ’(Trl—) ’m 2 3
g€ m-—2 9)
[2,00)m = 2
Let conditions (4) and the ellipticity conditionis performed
m
UZP —plp, _uZPH Vp € Ep, (10)
i=1
aa1 aaz aa3

In addition, we assume that the functions satlsfy the Holder condition with

"ou ’ 9
respect to Vu with exponent a, and the functions aa—f, Z—i- byu.

If the set M = M),belongs to the familysS; , then occurs the estimate

< cp Y (11)
L2 OTH (Q))

5

where

IO o e -
< OtllL;(0r.L5()) (o1.wi (@)

ou
X (”u“Lq(o,T,H"(Q)) + ||E LZ(O,T.Hk(Q))> a4

Proof.Let us differentiate equation (3) with respect to t.Taking into account thatv, belongs to the set

M andintegrating the resulting identity from zero to t, we get

jt (aa—a(x t,u, Vu)—a—(x t,u, VW), vx>g
0

da; da;
+ (—l (x, t,u,Vu) — —(x, t, u, VW)) Uy, Uy,

Ju ou
Q

aai aa’i 077
+ (E (x, t,u, Vu)uxjt - @ (x, t,u, VW)ijt,vxi>Q + 1 (%' v)g dt =

te/og ag
- jo {(% (xl t; u)ut _%(x, t, W)Wt, v)s

ag ag
+ (E (x, t,u) — ETA (x, 6, W), v) }dt (13)

N

Asv we take
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_0n d(6u) d(du) odu _ vieM
C ot ot ' ot ot v u

We estimate each term separately, using the Cauchy inequality with &, we obtain

[](Gee JECCE

t t
&
S(XR)L.LIVUVWWkMdtSCEL.LIVnFWMdt+—§HVMEAwLﬂm)

2
2 d(6u)
< Cz ||7v||L @dt + ellVnlli, o, + €|V o
LZ(O!tﬁLZ(Q))
WhereCz =(, (R, dlamQ)
Further,
|f0t fQ (aal (x, t,u,Vu) ——(x t,u, VW)) U Dy, dxdt| (14)

t t
€
< Cfo .fﬂ |V |u||Vv|dxdt < Clj;) fg IVnIZVUtdedt+§||l7v||iz(0,t,L2(Q))

To estimate the first term on the right, we use Holder's inequality with exponents%inxandziin t

f [ wnpruzaae + f 71" e e < NPy 2,

Hereq, g, psatisfy relation (9).
Bropoe cnaraemoe B mpaBoi 4acTu (14) HE NIPEBOCXOAUT

a(sw)||*

4
ot

|| at L2(0,t,L2 () ‘ L2(0,t,L2 ()

Hence,

da
(— (x,t,u,Vu) ——(x t,u, VW)) Uy, dxdt| <

a(sw||*
ot

an 2
< 2 —
CNT o ycap el i) * & ||v 2 .

+£Hl7

L2(0,t,L2(Q))
Similarly, using assumptions (10), the Cauchy inequality, referring small ¢ to factors
containing(¥n);, we obtain

j j {[—(x t,u,Vu) ——(x t,u, VW)] Uyt + (x t,u, VW)[ ijt]}vxitdxdt >
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=-[ [,

|M2,e + QU |dxdt +

xt

da;
_I_f f f —(x t,u, VW), (6U)y, | dxdt
0 ap]
> Cllvul? I7nll2" ” an
= t (OTL @) Miz(or @) ~ at L(0,6,L2 ()
e |l 2ew)f ” ’
1 ot at Ly (0,t,L,(Q
L2(0,6,L2(Q) 2(0:612()

Now let us estimate from above the terms on the right-hand side of (13). By the assumptions of the

theorem on the function g (x, t, u), we have

<

t 0 0 t 0
f j (_g (x, t, Wu, — 9 (x,t, W)) u,vdxdt + j j 9 (x, t, W)(u; — W,) vdxdt
o Js \odu ou 0 Js odu

<c[ [ (5 mrma) 5+ o
schtf (g— dxdt+cff In|2" w2 dxdt+Cff <a( u)>ddt (15)
0 Ys

The first term, by inequality (7), does not exceed

> dxdt <

|||7 (16)

Jat LZ(Q) ||6t

Lo (Q)
Let us estimate the second term on the right-hand side of (15).We use Hélder's inequality

with the exponents— Zi . Asaresult, we get

2 2
j j Inl* widxdt < lull; Lp(06Ly©) " ||TI|| Lg(0.L5())’

the exponentsp, g, pugand satisfy relation (9).
Substituting the estimates obtained in (15) and using the embeddingsH! (Q) c L5(S), Ly(S)we
conclude that the first term on the right-hand side of (13) is bounded from above byquantity

2
FCUl (0100) I, 1) T

|| at LZ(OtLZ(Q)) ||0t

L2(0,t,L2(Q))
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VO(Su) 2

C
+C2 ot

Lz(o,t,Hl(Q))

And finally

<

99 v t) =29 (oo ) | vdxdt
™ x,t,u ™ X, t, vdx

t , Ero Ay t e (90w
< C.f f In|Y |v|dxdt < C | |n|“Y dxdt +f f (—) dxdt +f f dxdt
0 s 0 Js ot 0 s ot

The second term, as we have seen, does not exceed the value (16).We estimate the

remaining terms from above using the embeddingsH!(Q) c L, (S), Ly, (S). This will lead us to

inequality

< (x,t,u) ——(x t, W))vdxdt

G(Su)

<e||l7

ot *

+C| I ) H

L2(0,t,L7 () Lo(0.t,H (@)

6172

Ly (0,¢,L2(Q))

Substituting the obtained inequalities into (13) and reducing similar terms, we arrive at the

inequality
77
ol +G26) |5 0
re at L(0t12(Q)  \2 atllL, (0,6L,()
< ¢ (1+ + ]2 )+
L5(0.L5()) Ly(0.6Wd ()
a (5w’
*||77|| L(oem@) T 6| 7o

Lz(o,t,Hl(Q))

Settinge = 1)/_0 A > 4C, , taking into account estimate (6), the arbitrariness of the element
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fiandMand the definition of the familyS; we obtain the desired estimate (11). Thetheoremisproved.

Conclusion. Under certain conditions for the function involved in the equation and the
boundary condition, estimates are obtained for solving the auxiliary elliptic problem under
considerationFurther, under the condition that the problem is elliptic, inequalities are obtained for
the difference of the generalized solution of the considered parabolic problem with a divergent
principal part and for the solution of the auxiliary elliptic problem.

These estimates allow obtaining estimates of the error of the approximate solution of the
Bubnov-Galerkin method for the solution in the norm H'(Q) having order 0(h*~') for the
considered nonclassical parabolic problem with divergent principal part, when the boundary
condition contains the time derivative from the required function.
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