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Abstract

The aim of this paper is to introduce and study upper and lower faintly g¢*-continuous multifunction in topological
spaces.
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1. Introduction

It is well known that various type of functions play a significant role in the theory of classical point
set topology. A great number of papers dealing with such functions have appeared and a good
number of them have been extended to the sitting of multifunctions. This implies that both functions
and multifunctions are important tools for studying other properties of spaces and for constructing
new spaces from previously existing ones. V.Kokilavani et al., introduced the concept of g{*-closed
sets in topological spaces[1]. In this paper, we introduce and study upper and lower faintly g*-
continuous multifunction in topological spaces and obtain some characterizations and basic
properties of such multifunctions.

2. Preliminaries

Throughout this paper, (X,7)and (Y, o)always mean topological spaces in which no separation
axioms are assumed unless explicitly stated. Let Abe a subset of a space X. For a subset A of
(X,7),CLl(A) and Int(A) denote the closure of A with respect to 7 and the interior of A with respect
to 7, respectively. A subset A is said to be regular closed [2] if A = Cl(Int)). A subset N of a
topological space (X, 7) is said to be g¢*-neighbourhood of a point x € X, if there exists an g{*-open
set IV such thatx € V. < N. A point x € X is called a 8-cluster point of A[3] if CI(V) n A + @ for
every open set V of X containing x.The set of all 6-cluster points of A is called the 8-closure of A
and is denoted by Cly(A).If A = Clg(A), then A is said to be 6-closed[3]. The complement of a 6-
closed set is said to be a 8-open set[3].By a multifunction F: (X, t) — (Y, o), we mean a point-to-set
correspondence from X into Y, also we always assume that F(x) # @ for all x € X. For a
multifunction F: (X,7) — (Y, o), the upper and lower inverse of any subset A of Y are denoted by
F*(A) and F~(A), respectively, that Ff(A) = {x e X:F(x) CA}and F-(A) ={x e X:F(x) N A #
@}. In particular, F~(y) = {x € X:y € F(x)} for each point y € Y. A multifunction F:(X,7) —
(Y,o) is said to be surjective if F(X) =Y. A multifunction F: (X,t) - (Y,0) is said to be lower
g{*-continuous (resp. upper g{*-continuous) multifunction if F~(V) € g{*0(X) (resp. F*(V) €
g¢ro(X))for every V € a. A multifunction F is said to be upper(lower) faintly continuous [4] if for
each x € X and for each open set V of Y such that x € F*(V)(x € F~(V)), there exists an open set

U of X containing x such that U c F* (Int(Cl(V))) (U CF- (Int(Cl(V)))). A multifunctionF is
faintly continuous [4] if it is both upper faintly continuous and lower faintly continuous.

3. Faintly g¢*-Continuous Multifunctions:
Definitions 3.1.
A multifunction F: (X,7) — (Y, 0) is said to be
(i) Upper faintly g¢*-continuous at x € X if for each 8-open set V of Y containing F(x),
there exists U € g{*0(X) containing x such that F(U) c V.
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(i)  Lower faintly g¢*-continuous at x € X if for each 6-open set V of Y such that F(x) n
V # @,there exists U € g{*0(X) containing x such that F(u) NV # @ for every u €
U.

(iii)  upper(lower) faintly g¢*-continuous if it has this propertyat each point of X.

Remark 3.2. It is clear that every upper g{*-continuous multifunction is upper faintly g{*-
continuous.But the converse if not true in general, as the following example shows.

Example 3.3. Let X ={a,b,c},T = {X, @, {b}},a = {X,0,{a}}.Then the multifunction F:(X,7) —
(X, o) defined by F(x) = {x} is upper faintly g¢*-continuous but it is not upper g*-continuous.
Theorem 3.4.

For a multifunction F: (X, 1) = (Y, o), the following are equivalent:

Proof:

(i) F is upper faintly g{*-continuous.

(ii)  For each x € X and for each 8-open set V such that x € F*(V),there exists a g{*-
open set U containing x such that U < F* (V).

(iii) For each x € X and for each 6-closed set V such that x € F*(Y — V),there exists
ag{*-closed set G suchthatx e X — G and F~ (V) c G.

(iv) F*(V)is g{*-open for any 6-open set V of Y.

(v)  F~(V)is g¢*-closed for any 8-closed set V of Y.

(vi) F=(Y —=V)is g¢*-closed for any 6-open set VV of Y.

(vii) F*(Y —V)is g{*-open for any 6-closed set V of Y.

(He(i)

Let F is upper faintly g¢*-continuous, let x € X and V be ag-open set of Y such that
F(x) €V then x € F* (V) there exists an g{*-open set U containing x such that F(U) c V
which implies U ¢ F+ (V).
(i e (iii)

Let x € X and V be a 8 -closed set of Y such that x € F*(Y — V). By (ii), there exists
a g¢*-open set U containing x such that U ¢ F*(Y — V). Thus F~ (V) c X — U.Take G =
X —U.Thenx € X — G and G is g{*-closed. The converse is similar.
(iv)=(v)

Let V be any 6 -closed set of Y. Then Y \ V is an 8-open set. By (iv),F*(Y \V) =
X\ gl (F~(V)). Thus gg*(F~(V)) € F~(V).Therefore F~(V)is g¢*-closed for any 6-
closed set VV of Y.
(He(iv)

Let x € F*(V) and V be a 6-open set of Y. By (i), there exists a g{*-open set U,
containing x such that U, ¢ F*(V). Thus, F*(V) = Uyer+) Ux. Since any union of g{*-
open sets if g*-open, F*(V) is g{*-open. The converse is clear.

Theorem 3.5.
For a multifunction F: (X, 1) = (Y, o), the following are equivalent:

Proof:

0] F is lower faintly g¢*-continuous.

(i)  For each x € X and for each 6-open set V such that x € F~(V),there exists a g{*-
open set U containing x such that U c F~(V).

(iif)  For each x € X and for each 6-closed set V such that x € F~(Y — V),there exists
a g{*-closed set G suchthat x € X — G and F* (V) c G.

(iv)  F~(V)is g¢*-open for any 6-open set VV of Y.

(v)  F*(V)is g{*-closed for any 6-closed set V of Y.

(vi) F*(Y —V)is g¢*-closed for any 6-open set V of Y.

(vii) F=(Y —V)is g{*-open for any 6-closed set VV of Y.
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(e(ii)
Let x € X and V be a 8-open set of Y such that F(x) NV # @ then there exists an
g{*-open set U containing x such that F(u) NV # @ which implies U c F~ (V).

(ihe(iii)
Let x € X and V be a 8 -closed set of Y such that x € F~(Y — V). By (ii), there exists
a g{*-open set U containing x such that U ¢ F~(Y — V). Thus F*(V) c X — U.Take G =
X—U.Thenx € X —Gand G is g¢*-closed. The converse is similar.
(iv)=(v)

Let V be any 6 -closed set of Y. Then Y \ V is an 6-open set. By (iv),F (Y \V) =

X\ g (F*(V)). Thus g¢*(F*(V)) c F*(V). Therefore F*(V)is g{*-closed for any 6-

closed set V of Y.

(De(iv)

Let x € F~ (V) and V be a 8-open set of Y. By (i), there exists a g{*-open set U,

containing x such that U, ¢ F~(V). Thus, F~(V) = Uyer-) Uy Since any union of g{*-

open sets if g¢*-open, F~(V) is g{*-open. The converse is clear.
Definition 3.6.

For a multifunction F: (X, t) = (Y, 0), the graph multifunction G: X — X X Y is defined as,
Gr(x) = {x} x {F(x)} for every x € X and the subset of {{x} X F(x):x € X} € X x Y is called the
graph multifunction of F is denoted by G (x).

Lemma 3.7.
For a multifunction F: (X,t) = (Y, o), the following holds:
(i) G:"(AxB)=AnF*(B)and
(i) G (AxB)=ANnF (B)
For each subsets A c X and B c Y.
Theorem 3.8.

Let F: (X,7) — (Y,0) be a multifunction. If the graph multifunction of F is an upper faintly
g{*-continuous, then F is upper faintly g{*-continuous.
Proof:

Let x € X and V be any 6 -open subset of Y such that x € F*(V).We obtain that x €
GrT (X x V) and that X X V is a §—open set. Since the graph multifunction G is upper faintly g¢*-
continuous, it follows that there exists an g¢*-open set U of X containing x such that U c
Grr (X xV).Since U c Ge*(X xV) =X nF*(V) = F*(V). We obtain that U ¢ F*(V). Thus F is
upper faintly g{*-continuous.

Theorem 3.9.

A multifunction F: (X, t) = (Y, 0) is lower faintly g{*-continuous if Gp: X — X X Y is lower
faintly g¢*-continuous.
Proof:

Suppose that G is lower faintly g¢*-continuous. Let x € X and V be any 6-open set of Y
such that x € F~(V). Then X X V is a 6-open in X xY and Gz(x) N (X x V) = ({x} x F(x)) n
X xV)={x}x (F(x)nV) # @. Since G is lower faintly g*-continuous, there exists an g{*-
open U containing x such that U c Gp~ (X X V). Hence U < F~(V).This shows that F is lower
faintly g¢*-continuous.

Theorem 3.10.

Suppose that (X, 1) and (X,,7,) are topological spaces where a € J. Let F: X — [[q¢; X, be
a multifunction from X to the product space [[,¢; X, and Let Py: [[,e; X, — X, be the projection
multifunction for each a € J which is defined by P, (x,) = {x,}. If F is an upper(lower) faintly g¢*-
continuous multifunction, then P, o F is an upper(lower) faintly g*-continuous multifunction for
each a € ].
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Proof:
. +
Take any a, €J. Let V,, be a 6-open set in (X4, 74,). Then (P, oF) (V)=
F* (P%*(Vao)) = F*(Vy, X [Taza, Xa)- Since F is an upper faintly g¢*-continuous multifunction

and since V, X [Tga, Xo is a 6-open set, it follows that F*(V,, X [Tgza, Xo) is @ g¢*-open set in
(X, 7). This shows that P, o F is an upper faintly g¢*-continuous multifunction. Hence, we obtain
that P, o F is an upper faintly g¢*-continuous multifunction for each a € J.

Theorem 3.11.

Suppose that for each a € J, (X, 7o), (Y, T,) are topological spaces. Let F,: X, — Y, be a
multifunction for each « € J and let F:[[,e; Xy = [lae; Yo be defined by F(xy) = [ae) Fa(xa)
from the product space [],¢; X, to the product space [[,¢; Y, If F is an upper faintly g¢*-continuous
multifunction, then each F, is an upper faintly g¢*-continuous multifunction for each a € J.

Proof:
Let V, be a 8-open set in Y,.ThenV, X [[,+5 Y3 is a 6-open set. Since F is an upper faintly

g{*-continuous multifunction, it follows that F*(V, X [Tazp Ys) = F, " (Vo) X [1axp Xgis an g*-

open set. Consequently, we obtain that F,* (7,) is an g¢*-open set. Thus, we show that F,ia an upper
faintly g¢*-continuous multifunction.
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