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Abstract 

The aim of this paper is to introduce and study upper and lower faintly 𝑔𝜁∗-continuous multifunction in topological 

spaces. 
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1. Introduction  

It is well known that various type of functions play a significant role in the theory of classical point 

set topology. A great number of papers dealing with such functions have appeared and a good 

number of them have been extended to the sitting of multifunctions. This implies that both functions 

and multifunctions are important tools for studying other properties of spaces and for constructing 

new spaces from previously existing ones. V.Kokilavani et al., introduced the concept of 𝑔𝜁∗-closed 

sets in topological spaces[1]. In this paper, we introduce and study upper and lower faintly 𝑔𝜁∗-

continuous multifunction in topological spaces and obtain some characterizations and basic 

properties of such multifunctions. 

2. Preliminaries 

Throughout this paper, (𝑋, 𝜏)and (𝑌, 𝜎)always mean topological spaces in which no separation 

axioms are assumed unless explicitly stated. Let 𝐴be a subset of a space X. For a subset 𝐴 of 

(𝑋, 𝜏), 𝐶𝑙(𝐴) and 𝐼𝑛𝑡(𝐴) denote the closure of 𝐴 with respect to 𝜏 and the interior of 𝐴 with respect 

to 𝜏, respectively. A subset 𝐴 is said to be regular closed [2] if 𝐴 = 𝐶𝑙(𝐼𝑛𝑡)). A subset N of a 

topological space (𝑋, 𝜏) is said to be 𝑔𝜁∗-neighbourhood of a point 𝑥 ∈ 𝑋, if there exists an 𝑔𝜁∗-open 

set 𝑉 such that𝑥 ∈ 𝑉 ⊂ 𝑁. A point 𝑥 ∈ 𝑋 is called a 𝜃-cluster point of A[3] if 𝐶𝑙(𝑉) ∩ 𝐴 ≠ ∅ for 

every open set 𝑉 of 𝑋 containing 𝑥.The set of all 𝜃-cluster points of 𝐴 is called the 𝜃-closure of 𝐴 

and is denoted by 𝐶𝑙𝜃(𝐴).If 𝐴 = 𝐶𝑙𝜃(𝐴), then 𝐴 is said to be 𝜃-closed[3]. The complement of a 𝜃-

closed set is said to be a 𝜃-open set[3].By a multifunction 𝐹: (𝑋, 𝜏) → (𝑌, 𝜎), we mean a point-to-set 

correspondence from 𝑋 into 𝑌, also we always assume that 𝐹(𝑥) ≠ ∅ for all 𝑥 ∈ 𝑋. For a 

multifunction 𝐹: (𝑋, 𝜏) → (𝑌, 𝜎), the upper and lower inverse of any subset 𝐴 of 𝑌 are denoted by 

𝐹+(𝐴) and 𝐹−(𝐴), respectively, that 𝐹+(𝐴) = {𝑥 ∈ 𝑋: 𝐹(𝑥) ⊆ 𝐴} and 𝐹−(𝐴) = {𝑥 ∈ 𝑋: 𝐹(𝑥) ∩ 𝐴 ≠
∅}. In particular, 𝐹−(𝑦) = {𝑥 ∈ 𝑋: 𝑦 ∈ 𝐹(𝑥)} for each point 𝑦 ∈ 𝑌. A multifunction 𝐹: (𝑋, 𝜏) →
(𝑌, 𝜎) is said to be surjective if 𝐹(𝑋) = 𝑌. A multifunction 𝐹: (𝑋, 𝜏) → (𝑌, 𝜎) is said to be lower 

𝑔𝜁∗-continuous (resp. upper 𝑔𝜁∗-continuous) multifunction if 𝐹−(𝑉) ∈ 𝑔𝜁∗𝑂(𝑋) (resp. 𝐹+(𝑉) ∈
𝑔𝜁∗𝑂(𝑋))for every 𝑉 ∈ 𝜎. A multifunction 𝐹 is said to be upper(lower) faintly continuous [4] if for 

each 𝑥 ∈ 𝑋 and for each open set 𝑉 of 𝑌 such that 𝑥 ∈ 𝐹+(𝑉)(𝑥 ∈ 𝐹−(𝑉)), there exists an open set 

𝑈 of 𝑋 containing 𝑥 such that 𝑈 ⊂ 𝐹+ (𝐼𝑛𝑡(𝐶𝑙(𝑉))) (𝑈 ⊂ 𝐹− (𝐼𝑛𝑡(𝐶𝑙(𝑉)))). A multifunction𝐹 is 

faintly continuous [4] if it is both upper faintly continuous and lower faintly continuous. 

3. Faintly 𝒈𝜻∗-Continuous Multifunctions: 

Definitions 3.1. 

A multifunction 𝐹: (𝑋, 𝜏) → (𝑌, 𝜎) is said to be 

(i) Upper faintly 𝑔𝜁∗-continuous at 𝑥 ∈ 𝑋 if for each 𝜃-open set 𝑉 of 𝑌 containing 𝐹(𝑥), 
there exists 𝑈 ∈ 𝑔𝜁∗𝑂(𝑋) containing 𝑥 such that 𝐹(𝑈) ⊂ 𝑉. 
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(ii) Lower faintly 𝑔𝜁∗-continuous at 𝑥 ∈ 𝑋 if for each 𝜃-open set 𝑉 of 𝑌 such that 𝐹(𝑥) ∩
𝑉 ≠ ∅,there exists 𝑈 ∈ 𝑔𝜁∗𝑂(𝑋) containing 𝑥 such that 𝐹(𝑢) ∩ 𝑉 ≠ ∅ for every 𝑢 ∈
𝑈. 

(iii) upper(lower) faintly 𝑔𝜁∗-continuous if it has this propertyat each point of 𝑋. 
Remark 3.2. It is clear that every upper 𝑔𝜁∗-continuous multifunction is upper faintly 𝑔𝜁∗-

continuous.But the converse if not true in general, as the following example shows. 

Example 3.3. Let 𝑋 = {𝑎, 𝑏, 𝑐}, 𝜏 = {𝑋, ∅, {𝑏}}, 𝜎 = {𝑋, ∅, {𝑎}}.Then the multifunction 𝐹: (𝑋, 𝜏) →

(𝑋, 𝜎) defined by 𝐹(𝑥) = {𝑥} is upper faintly 𝑔𝜁∗-continuous but it is not upper 𝑔𝜁∗-continuous. 

Theorem 3.4. 

For a multifunction 𝐹: (𝑋, 𝜏) → (𝑌, 𝜎), the following are equivalent: 

(i) 𝐹 is upper faintly 𝑔𝜁∗-continuous. 

(ii) For each 𝑥 ∈ 𝑋 and for each 𝜃-open set 𝑉 such that 𝑥 ∈ 𝐹+(𝑉),there exists a 𝑔𝜁∗-

open set 𝑈 containing 𝑥 such that 𝑈 ⊂ 𝐹+(𝑉). 
(iii) For each 𝑥 ∈ 𝑋 and for each 𝜃-closed set 𝑉 such that 𝑥 ∈ 𝐹+(𝑌 − 𝑉),there exists 

a 𝑔𝜁∗-closed set 𝐺 such that 𝑥 ∈ 𝑋 − 𝐺 and 𝐹−(𝑉) ⊂ 𝐺. 
(iv) 𝐹+(𝑉) is 𝑔𝜁∗-open for any 𝜃-open set 𝑉 of 𝑌. 
(v) 𝐹−(𝑉) is 𝑔𝜁∗-closed for any 𝜃-closed set 𝑉 of 𝑌. 
(vi) 𝐹−(𝑌 − 𝑉) is 𝑔𝜁∗-closed for any 𝜃-open set 𝑉 of 𝑌. 
(vii) 𝐹+(𝑌 − 𝑉) is 𝑔𝜁∗-open for any 𝜃-closed set 𝑉 of 𝑌. 

Proof: 

 (i)⇔(ii) 

Let 𝐹 is upper faintly 𝑔𝜁∗-continuous, let 𝑥 ∈ 𝑋 and 𝑉 be a𝜃-open set of 𝑌 such that 

𝐹(𝑥) ⊆ 𝑉 then 𝑥 ∈ 𝐹+(𝑉) there exists an 𝑔𝜁∗-open set 𝑈 containing 𝑥 such that 𝐹(𝑈) ⊂ 𝑉 

which implies 𝑈 ⊂ 𝐹+(𝑉). 
(ii)⇔(iii) 

Let 𝑥 ∈ 𝑋 and 𝑉 be a 𝜃 -closed set of 𝑌 such that 𝑥 ∈ 𝐹+(𝑌 − 𝑉). By (ii), there exists 

a 𝑔𝜁∗-open set 𝑈 containing 𝑥 such that 𝑈 ⊂ 𝐹+(𝑌 − 𝑉). Thus 𝐹−(𝑉) ⊂ 𝑋 − 𝑈.Take 𝐺 =
𝑋 − 𝑈. Then 𝑥 ∈ 𝑋 − 𝐺 and 𝐺 is 𝑔𝜁∗-closed. The converse is similar. 

(iv)⇔(v) 

Let 𝑉 be any 𝜃 -closed set of 𝑌. Then 𝑌 ∖ 𝑉 is an 𝜃-open set. By (iv),𝐹+(𝑌 ∖ 𝑉) =
𝑋 ∖ 𝑔𝜁∗(𝐹−(𝑉)). Thus 𝑔𝜁∗(𝐹−(𝑉)) ⊂ 𝐹−(𝑉).Therefore 𝐹−(𝑉)is 𝑔𝜁∗-closed for any 𝜃-

closed set 𝑉 of 𝑌. 
(i)⇔(iv) 

Let 𝑥 ∈ 𝐹+(𝑉) and 𝑉 be a 𝜃-open set of 𝑌. By (i), there exists a 𝑔𝜁∗-open set 𝑈𝑥 

containing 𝑥 such that 𝑈𝑥 ⊂ 𝐹+(𝑉). Thus, 𝐹+(𝑉) = ⋃ 𝑈𝑥𝑥∈𝐹+(𝑉) . Since any union of 𝑔𝜁∗-

open sets if 𝑔𝜁∗-open, 𝐹+(𝑉) is 𝑔𝜁∗-open. The converse is clear. 

 

Theorem 3.5. 

For a multifunction 𝐹: (𝑋, 𝜏) → (𝑌, 𝜎), the following are equivalent: 

(i) 𝐹 is lower faintly 𝑔𝜁∗-continuous. 

(ii) For each 𝑥 ∈ 𝑋 and for each 𝜃-open set 𝑉 such that 𝑥 ∈ 𝐹−(𝑉),there exists a 𝑔𝜁∗-

open set 𝑈 containing 𝑥 such that 𝑈 ⊂ 𝐹−(𝑉). 
(iii) For each 𝑥 ∈ 𝑋 and for each 𝜃-closed set 𝑉 such that 𝑥 ∈ 𝐹−(𝑌 − 𝑉),there exists 

a 𝑔𝜁∗-closed set 𝐺 such that 𝑥 ∈ 𝑋 − 𝐺 and 𝐹+(𝑉) ⊂ 𝐺. 
(iv) 𝐹−(𝑉) is 𝑔𝜁∗-open for any 𝜃-open set 𝑉 of 𝑌. 
(v) 𝐹+(𝑉) is 𝑔𝜁∗-closed for any 𝜃-closed set 𝑉 of 𝑌. 
(vi) 𝐹+(𝑌 − 𝑉) is 𝑔𝜁∗-closed for any 𝜃-open set 𝑉 of 𝑌. 
(vii) 𝐹−(𝑌 − 𝑉) is 𝑔𝜁∗-open for any 𝜃-closed set 𝑉 of 𝑌. 

Proof: 
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(i)⇔(ii) 

Let 𝑥 ∈ 𝑋 and 𝑉 be a 𝜃-open set of 𝑌 such that 𝐹(𝑥) ∩ 𝑉 ≠ ∅ then there exists an 

𝑔𝜁∗-open set 𝑈 containing 𝑥 such that 𝐹(𝑢) ∩ 𝑉 ≠ ∅ which implies 𝑈 ⊂ 𝐹−(𝑉). 
(ii)⇔(iii) 

  Let 𝑥 ∈ 𝑋 and 𝑉 be a 𝜃 -closed set of 𝑌 such that 𝑥 ∈ 𝐹−(𝑌 − 𝑉). By (ii), there exists 

a 𝑔𝜁∗-open set                  𝑈 containing 𝑥 such that 𝑈 ⊂ 𝐹−(𝑌 − 𝑉). Thus 𝐹+(𝑉) ⊂ 𝑋 − 𝑈.Take 𝐺 =
𝑋 − 𝑈. Then 𝑥 ∈ 𝑋 − 𝐺 and 𝐺 is                  𝑔𝜁∗-closed. The converse is similar. 

(iv)⇔(v) 

Let 𝑉 be any 𝜃 -closed set of 𝑌. Then 𝑌 ∖ 𝑉 is an 𝜃-open set. By (iv),𝐹−(𝑌 ∖ 𝑉) =
𝑋 ∖ 𝑔𝜁∗(𝐹+(𝑉)). Thus 𝑔𝜁∗(𝐹+(𝑉)) ⊂ 𝐹+(𝑉). Therefore 𝐹+(𝑉)is 𝑔𝜁∗-closed for any 𝜃-

closed set 𝑉 of 𝑌. 
(i)⇔(iv) 

Let 𝑥 ∈ 𝐹−(𝑉) and 𝑉 be a 𝜃-open set of 𝑌. By (i), there exists a 𝑔𝜁∗-open set 𝑈𝑥 

containing 𝑥 such that 𝑈𝑥 ⊂ 𝐹−(𝑉). Thus, 𝐹−(𝑉) = ⋃ 𝑈𝑥𝑥∈𝐹−(𝑉) . Since any union of 𝑔𝜁∗-

open sets if 𝑔𝜁∗-open, 𝐹−(𝑉) is 𝑔𝜁∗-open. The converse is clear. 

Definition 3.6. 

For a multifunction 𝐹: (𝑋, 𝜏) → (𝑌, 𝜎), the graph multifunction 𝐺𝐹: 𝑋 → 𝑋 × 𝑌 is defined as, 

𝐺𝐹(𝑥) = {𝑥} × {𝐹(𝑥)} for every 𝑥 ∈ 𝑋 and the subset of {{𝑥} × 𝐹(𝑥): 𝑥 ∈ 𝑋} ⊂ 𝑋 × 𝑌 is called the 

graph multifunction of 𝐹 is denoted by 𝐺(𝑥). 
Lemma 3.7. 

For a multifunction 𝐹: (𝑋, 𝜏) → (𝑌, 𝜎), the following holds: 

(i) 𝐺𝐹
+(𝐴 × 𝐵) = 𝐴 ∩ 𝐹+(𝐵) and  

(ii) 𝐺𝐹
−(𝐴 × 𝐵) = 𝐴 ∩ 𝐹−(𝐵) 

For each subsets 𝐴 ⊂ 𝑋 and 𝐵 ⊂ 𝑌. 
Theorem 3.8. 

Let 𝐹: (𝑋, 𝜏) → (𝑌, 𝜎) be a multifunction. If the graph multifunction of 𝐹 is an upper faintly 

𝑔𝜁∗-continuous, then 𝐹 is upper faintly 𝑔𝜁∗-continuous. 

Proof: 

Let 𝑥 ∈ 𝑋 and 𝑉 be any 𝜃 -open subset of 𝑌 such that 𝑥 ∈ 𝐹+(𝑉).We obtain that 𝑥 ∈
𝐺𝐹

+(𝑋 × 𝑉) and that 𝑋 × 𝑉 is a 𝜃–open set. Since the graph multifunction 𝐺𝐹 is upper faintly 𝑔𝜁∗-

continuous, it follows that there exists an 𝑔𝜁∗-open set 𝑈 of 𝑋 containing 𝑥 such that 𝑈 ⊂
𝐺𝐹

+(𝑋 × 𝑉). Since 𝑈 ⊂ 𝐺𝐹
+(𝑋 × 𝑉) = 𝑋 ∩ 𝐹+(𝑉) = 𝐹+(𝑉). We obtain that 𝑈 ⊂ 𝐹+(𝑉). Thus 𝐹 is 

upper faintly 𝑔𝜁∗-continuous. 

Theorem 3.9. 

A multifunction 𝐹: (𝑋, 𝜏) → (𝑌, 𝜎) is lower faintly 𝑔𝜁∗-continuous if 𝐺𝐹: 𝑋 → 𝑋 × 𝑌 is lower 

faintly 𝑔𝜁∗-continuous. 

Proof: 

 Suppose that 𝐺𝐹 is lower faintly 𝑔𝜁∗-continuous. Let 𝑥 ∈ 𝑋 and 𝑉 be any 𝜃-open set of 𝑌 

such that 𝑥 ∈ 𝐹−(𝑉). Then 𝑋 × 𝑉 is a 𝜃–open in 𝑋 × 𝑌 and 𝐺𝐹(𝑥) ∩ (𝑋 × 𝑉) = ({𝑥} × 𝐹(𝑥)) ∩
(𝑋 × 𝑉) = {𝑥} × (𝐹(𝑥) ∩ 𝑉) ≠ ∅. Since 𝐺𝐹 is lower faintly 𝑔𝜁∗-continuous, there exists an 𝑔𝜁∗-

open 𝑈 containing 𝑥 such that 𝑈 ⊂ 𝐺𝐹
−(𝑋 × 𝑉). Hence 𝑈 ⊂ 𝐹−(𝑉).This shows that 𝐹 is lower 

faintly 𝑔𝜁∗-continuous. 

 

Theorem 3.10. 

 Suppose that (𝑋, 𝜏) and (𝑋𝛼, 𝜏𝛼) are topological spaces where 𝛼 ∈ 𝐽. Let 𝐹: 𝑋 → ∏ 𝑋𝛼𝛼∈𝐽  be 

a multifunction from X to the product space ∏ 𝑋𝛼𝛼∈𝐽  and Let 𝑃𝛼: ∏ 𝑋𝛼 →𝛼∈𝐽 𝑋𝛼 be the projection 

multifunction for each 𝛼 ∈ 𝐽 which is defined by 𝑃𝛼(𝑥𝛼) = {𝑥𝛼}. If 𝐹 is an upper(lower) faintly 𝑔𝜁∗-

continuous multifunction, then 𝑃𝛼 ∘ 𝐹 is an upper(lower) faintly 𝑔𝜁∗-continuous multifunction for 

each 𝛼 ∈ 𝐽. 
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Proof: 

 Take any 𝛼0 ∈ 𝐽. Let 𝑉𝛼0
 be a 𝜃-open set in (𝑋𝛼0

, 𝜏𝛼0
). Then (𝑃𝛼0

∘ 𝐹)
+

(𝑉𝛼0
) =

𝐹+ (𝑃𝛼0

+(𝑉𝛼0
)) = 𝐹+(𝑉𝛼0

× ∏ 𝑋𝛼𝛼≠𝛼0
). Since 𝐹 is an upper faintly 𝑔𝜁∗-continuous multifunction 

and since 𝑉𝛼0
× ∏ 𝑋𝛼𝛼≠𝛼0

 is a 𝜃-open set, it follows that 𝐹+(𝑉𝛼0
× ∏ 𝑋𝛼𝛼≠𝛼0

) is a 𝑔𝜁∗-open set in 

(𝑋, 𝜏). This shows that 𝑃𝛼 ∘ 𝐹 is an upper faintly 𝑔𝜁∗-continuous multifunction. Hence, we obtain 

that 𝑃𝛼0
∘ 𝐹  is an upper faintly 𝑔𝜁∗-continuous multifunction for each 𝛼 ∈ 𝐽. 

Theorem 3.11. 

 Suppose that for each 𝛼 ∈ 𝐽, (𝑋𝛼, 𝜏𝛼), (𝑌𝛼, 𝜏𝛼) are topological spaces. Let 𝐹𝛼: 𝑋𝛼 → 𝑌𝛼 be a 

multifunction for each 𝛼 ∈ 𝐽 and let 𝐹: ∏ 𝑋𝛼𝛼∈𝐽 → ∏ 𝑌𝛼𝛼∈𝐽  be defined by 𝐹(𝑥𝛼) = ∏ 𝐹𝛼(𝑥𝛼)𝛼∈𝐽  

from the product space ∏ 𝑋𝛼𝛼∈𝐽  to the product space ∏ 𝑌𝛼.𝛼∈𝐽  If 𝐹 is an upper faintly 𝑔𝜁∗-continuous 

multifunction, then each 𝐹𝛼 is an upper faintly 𝑔𝜁∗-continuous multifunction for each 𝛼 ∈ 𝐽. 
Proof: 

 Let 𝑉𝛼 be a 𝜃-open set in 𝑌𝛼 .Then𝑉𝛼 × ∏ 𝑌𝛽𝛼≠𝛽  is a 𝜃-open set. Since 𝐹 is an upper faintly 

𝑔𝜁∗-continuous multifunction, it follows that 𝐹+(𝑉𝛼 × ∏ 𝑌𝛽𝛼≠𝛽 ) = 𝐹𝛼
+(𝑉𝛼) × ∏ 𝑋𝛽𝛼≠𝛽 is an 𝑔𝜁∗-

open set. Consequently, we obtain that 𝐹𝛼
+(𝑉𝛼) is an 𝑔𝜁∗-open set. Thus, we show that 𝐹𝛼ia an upper 

faintly 𝑔𝜁∗-continuous multifunction. 
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