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Abstract:This article extend the concept of Ideally Statistical Convergence in n-

Normed space to λ-Ideally statistical convergence in n-Normed spaces over a complete, 

non-trivially valued, locally compact non-Archimedean field 𝒦. 
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1. Introduction: This paper stems out from the concept of statistical convergence was 

introduced by Steinhaus in 1951. In the year of 1985 „Fridy .J.A‟, “On Statistical 

Convergence”, [2] and in „2000‟ “λ-statistical convergence” by Mursaleen.M[6]. 

Later Reddy.B.S discussed “Statistical convergence in n-normed spaces” in 2010 

[7]. In 2008 Sahiner A , G ̈urdal M introduced “Ideal convergence in n -normed 

spaces and some new sequence spaces via n-norm” [8] also in 2014 “Yamanci U, 

Gurdal M. I-statistical convergence in 2-normed space”[10]. 

 Throughout this article 𝒦 denotes a complete, non-trivially valued, locally compact 

non-Archimedean field, ℕ denotes the set of all Natural numbers, ℑ be an admissible 

ideal. 

Let𝜆 =  𝜆𝑛  be a positive integers tending to ∞, it is a non-decreasing sequence. 

Such that 𝜆𝑛+1 ≤ 𝜆𝑛 + 1, 𝜆1 = 1, Where 𝑛 ∈ ℕ 

Where 𝐼𝑛 =  n − 𝜆𝑛 + 1, 𝑛  

2. Preliminaries 

Definition 2.1 

Let a Sequence 𝑥 =  𝑥𝑘  is Statistically Convergent to „ℓ‟, if for any𝜀 > 0, 

𝑙𝑖𝑚
𝑛→∞

1

𝑛
  𝑘 ≤ 𝑛; 𝑛 ∈ ℕ:║𝑥𝑘 − ℓ║ ≥ 𝜀  = 0 

we write, 

𝑠𝑡𝑎𝑡. − 𝑙𝑖𝑚𝑘→∞ 𝑥𝑘 = ℓ    (or)   𝑥𝑘
𝑠𝑡𝑎𝑡 .
    ℓ 

Definition 2.2 

Let a Sequence𝑥 =  𝑥𝑘  Statistically Cauchy Sequence if for any 𝜀 > 0, there exist an 

𝑛 𝜖 ℕ, 

Such that,  
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𝑙𝑖𝑚
𝑛→∞

1

𝑛
  𝑘 ≤ 𝑛; 𝑛 ∈ ℕ:║𝑥𝑘+1 − 𝑥𝑘║ ≥ 𝜀  = 0 

Definition 2.3 

A non-empty subset ℑ of a ring ℛ of subsets of ℕ ⊂ 𝑥 is an ideal ℑ in ℛ if and only if, 

(i) 𝐴, 𝐵 ∈ ℑ 𝑤ℎ𝑖𝑐ℎ 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝐴 ∪ 𝐵 ∈ ℑ 

(ii) 𝐴 ∈ ℑ, 𝐵 ∈ ℛ, 𝐵 ⊂ 𝐴 𝑤ℎ𝑖𝑐ℎ 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝐵 ∈ ℑ 

ℑ is said to be non-trivial if ℑ ≠ ∅ and ℕ ∈ ℑ, while a non-trivial ideal ℑ in ℕ is said to 

be admissible if  𝑥 ∈ ℑ for every 𝑥 ∈ ℕ, where ℕ denotes the set of all positive 

integers. 

A non-trivial ideal ℑ in ℕ × ℕ is admissible if   𝑛  × ℕandℕ ×   𝑛   belongs to ℑ for 

every𝑛 ∈ ℕ. 

Definition 2.4 

‘ℱ’is a non-empty class of subsets of 𝑥 is said to be a filter in 𝑥. 

provided: 

(i) ∅ 𝜖 ℱ, 

(ii) 𝐴, 𝐵 ∈ ℱ 𝑤ℎ𝑖𝑐ℎ 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝐴 ∩ 𝐵 ∈ ℱ 

(iii)𝐴 ∈  ℱ, 𝐴 ⊂ 𝐵 𝑤ℎ𝑖𝑐ℎ 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝐵 ∈ ℱ 

Definition 2.5 

If  ℑ ⊂ 2𝑥  is a non-trivial ideal in 𝑋,  

𝑋 ≠ ∅.Then 

 ℱ ℑ = {𝑀 ⊂ 𝑋:  𝑀 = 𝑋 − 𝐴 𝑎𝑛𝑑 𝐴  ∈ ℑ } is a filter on 𝑋 and conversely. 

3. n-Normed space over a non-Archimedean field 𝓚 

Definition 3.1 

“Let 𝑋 be a vector space with the dimension which is greater than 𝑛 − 1 over a non-

Archimedean Valuation  .  with a valued field 𝑘. 

A function ∥. , … , . ∥ ∶ 𝑋 × …× 𝑋 →  0,∞  is called a non-Archimedean n-norm if 

(i) ∥ 𝑥1, … , 𝑥𝑛 ∥ = 0 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥1, … , 𝑥𝑛  are linearly dependent; 

(ii) ∥ 𝑥1, … , 𝑥𝑛 ∥ = ∥ 𝑥𝑗1
, … , 𝑥𝑗𝑛 ∥ for every permutation  𝑗1, … , 𝑗𝑛  of  1, … , 𝑛 ; 

(iii)∥ 𝛼𝑥1, … , 𝑥𝑛 ∥ =  𝛼 ∥ 𝑥1, … , 𝑥𝑛 ∥ for all 𝛼 ∈ 𝑘; 

(iv) ∥ 𝑥 + 𝑥′ , 𝑥2, … , 𝑥𝑛 ∥  ≤  𝑚𝑎𝑥 ∥ 𝑥, 𝑥2, … , 𝑥𝑛 ∥, ∥ 𝑥′ , 𝑥2, … , 𝑥𝑛 ∥ ;  

For all 𝑥, 𝑥′ , 𝑥1, … , 𝑥𝑛  ∈ 𝑋 

Then  𝑋, ∥. , … , . ∥  is called a non-Archimedean n-normed space.” 

4. λ-𝕴 Statistically Convergent and λ- 𝕴 Statistically Cauchy sequence in n-

normed Space over non-Archimedean field 𝓚 

“Let 𝜆 =  𝜆𝑛  be a non-decreasing sequence of positive integers tending to ∞. 

Such that 𝜆𝑛+1 ≤ 𝜆𝑛 + 1, 𝜆1 = 1, Where 𝑛 ∈ ℕ” 

Definition 4.1 

Let ℑ ⊂ 2𝑥  is a non-trivial ideal in 𝑋, 𝑋 ≠ ∅, 𝑋 ∈ ℕ.  

A sequence  𝑥𝑘  of 𝑋 is called 𝜆- ℑ-Statistically Convergent to „ℓ‟ in n-Normed space 

over non-Archimedean field, if for every 𝜀 > 0, 

Such that for all 𝑍𝑖 ∈ 𝑋, 𝑖 = 2,3, … , 𝑛, 



Annals of R.S.C.B., ISSN:1583-6258, Vol. 25, Issue 4, 2021, Pages. 248 - 256 

Received 05 March 2021; Accepted 01 April 2021. 
  

250 

 

http://annalsofrscb.ro 

𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
║ 𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║𝑥𝑘 − ℓ, 𝑧2, 𝑧3, … , 𝑧𝑛║≥ 𝜀 ∈ ℑ║ = 0 

Where 𝐼𝑛 =  n − 𝜆𝑛 + 1, 𝑛  

We write, 

ℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚
𝑘→∞

║𝑥𝑘 − ℓ, 𝑧2, 𝑧3, … , 𝑧𝑛║ = 0 

(or)   ℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚𝑘→∞ ║𝑥𝑘 , 𝑧2, 𝑧3, … , 𝑧𝑛║− ║ℓ, 𝑧2, 𝑧3, … , 𝑧𝑛║ = 0 

(or)   ℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚𝑘→∞ ║𝑥𝑘 , 𝑧2, 𝑧3, … , 𝑧𝑛║ = ║ℓ, 𝑧2, 𝑧3, … , 𝑧𝑛║ 

Where „ℓ‟ is the ℑ-limit of the Sequence  𝑥𝑘 . 

Definition 4.2 

Let ℑ ⊂ 2𝑥  is a non-trivial ideal in 𝑋, 𝑋 ≠ ∅, 𝑋 ∈ ℕ.  

A sequence  𝑥𝑘  of 𝑋 is called𝜆- ℑ-Statistically Cauchy Sequence in n-Normed space 

over non-Archimedean field, if for every 𝜀 > 0, then there exists an  𝑛 ∈ ℕ and all non-

zero 𝑍𝑖 ∈ 𝑋, 𝑖 = 2,3, … , 𝑛, 

Such that, 

𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
║ 𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║𝑥𝑘+1 − 𝑥𝑘 , 𝑧2, 𝑧3, … , 𝑧𝑛║≥ 𝜀 ∈ ℑ║ = 0 

5. Results 

Theorem 5.1 

Let   𝑥𝑘  be a sequence in n-normed space  𝑋, ∥. , … , . ∥ , an admissible idealℑ, 

ℓ, ℓ′ ∈ 𝑋, for every𝑍𝑖 ∈ 𝑋, if 

ℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚
𝑘→∞

║𝑥𝑘 − ℓ, 𝑧2, 𝑧3, … , 𝑧𝑛║ = 0 

And             ℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚𝑘→∞ ║𝑥𝑘 − ℓ
′ , 𝑧2, 𝑧3, … , 𝑧𝑛║ = 0 

Then ℓ−ℓ′ = 0 

Proof: 

Let ℓ = ℓ′ (ie) ℓ − ℓ′ = 0 

There exist a non-zero 𝑧2, 𝑧3, … , 𝑧𝑛 ∈ 𝑋, 

In such a way thatℓ − ℓ′  and 𝑧2, 𝑧3, … , 𝑧𝑛  are not linearly dependent.  

(So𝑧𝑖  exist as dimension of 𝑋, 𝑑 ≤ 𝑛)  

Therefore every 𝜀 > 0, 

𝑙𝑖𝑚𝑛→∞
1

𝜆𝑛
║ 𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║𝑥𝑘 − ℓ, 𝑧2, 𝑧3, … , 𝑧𝑛║≥ 𝜀 ∈ ℑ║ = 0                ----------

(1) 

𝑙𝑖𝑚𝑛→∞
1

𝜆𝑛
║ 𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║𝑥𝑘 − ℓ

′ , 𝑧2, 𝑧3, … , 𝑧𝑛║ ≥ 𝜀 ∈ ℑ║ = 0               ----------

(2) 

Now, 

𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
║ 𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║ℓ − ℓ′ , 𝑧2, 𝑧3, … , 𝑧𝑛║ ≥ 𝜀 ∈ ℑ║ 

= 𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
║ 𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║ℓ − 𝑥𝑘 + 𝑥𝑘 − ℓ

′ , 𝑧2, 𝑧3, … , 𝑧𝑛║ ≥ 𝜀 ∈ ℑ║ 
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= 𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
║ 𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║(ℓ − 𝑥𝑘) + (𝑥𝑘 − ℓ

′), 𝑧2, 𝑧3, … , 𝑧𝑛║ ≥ 𝜀 ∈ ℑ║ 

≤ 𝑚𝑎𝑥

 
 

 𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
║ 𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║𝑥𝑘 − ℓ, 𝑧2, 𝑧3, … , 𝑧𝑛║≥ 𝜀 ∈ ℑ║ ,

𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
║ 𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║𝑥𝑘 − ℓ

′ , 𝑧2, 𝑧3, … , 𝑧𝑛║≥ 𝜀 ∈ ℑ║
 
 

 

 

= 0                                                                                          (Using (1) & (2)) 

Thus ℓ − ℓ′ = 0   (ie) ℓ = ℓ′  

This completes the proof. 

Theorem 5.2 

Let an admissible ideal beℑ for each 𝑍𝑖 ∈ 𝑋,for every 𝑖 = 2,3, … , 𝑛, 

(i) Ifℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚𝑘→∞ ║𝑥𝑘 , 𝑧2, 𝑧3, … , 𝑧𝑛║ = ║𝑥, 𝑧2, 𝑧3, … , 𝑧𝑛║ 

and  ℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚𝑘→∞ ║𝑦𝑘 , 𝑧2, 𝑧3, … , 𝑧𝑛║ = ║𝑦, 𝑧2, 𝑧3, … , 𝑧𝑛║ 

Then   ℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚𝑘→∞ ║𝑥𝑘 + 𝑦𝑘 , 𝑧2, 𝑧3, … , 𝑧𝑛║ = ║𝑥 + 𝑦, 𝑧2, 𝑧3, … , 𝑧𝑛║ 

(ii) If ℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚𝑘→∞ ║𝛼𝑥𝑘 , 𝑧2, 𝑧3, … , 𝑧𝑛║ = ║𝛼𝑥, 𝑧2, 𝑧3, … , 𝑧𝑛║ for all 𝛼 ∈ 𝑘 

Proof: 

(i) Let  ℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚𝑘→∞ ║𝑥𝑘 , 𝑧2, 𝑧3, … , 𝑧𝑛║ = ║𝑥, 𝑧2, 𝑧3, … , 𝑧𝑛║ 

and  ℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚𝑘→∞ ║𝑦𝑘 , 𝑧2, 𝑧3, … , 𝑧𝑛║ = ║𝑦, 𝑧2, 𝑧3, … , 𝑧𝑛║ 

for every non-zero 𝑍𝑖 ∈ 𝑋,  

Then 𝐴1 = 0 and 𝐴2 = 0 

Where, 

𝐴1 = 𝐴1 𝜀 = 𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
║ 𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║𝑥𝑘 − 𝑥, 𝑧2, 𝑧3, … , 𝑧𝑛║ ≥ 𝜀 ∈ ℑ║ 

𝐴2 = 𝐴2 𝜀 = 𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
║ 𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║𝑦𝑘 − 𝑦, 𝑧2, 𝑧3, … , 𝑧𝑛║ ≥ 𝜀 ∈ ℑ║ 

for every 𝑍𝑖 ∈ 𝑋, 

Let, 

𝐴 𝜀 = 𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
║ 𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║(𝑥𝑘 + 𝑦𝑘) − (𝑥 + 𝑦), 𝑧2, 𝑧3, … , 𝑧𝑛║ ≥ 𝜀 ∈ ℑ║ 

To Prove that, 𝐴 = 0 it is sufficient to show that 𝐴 ⊂ 𝐴1 ∪ 𝐴2 

Let 𝐴0 ∈ 𝐴 

Then 

𝑙𝑖𝑚𝑛→∞
1

𝜆𝑛
║ 𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║(𝑥𝑘0

+ 𝑦𝑘0
) − (𝑥 + 𝑦), 𝑧2, 𝑧3, … , 𝑧𝑛║ ≥ 𝜀 ∈ ℑ║ = 0----

(3) 

Assume that 𝐴0 ∈ 𝐴1 ∪ 𝐴2 

Then 𝐴0 ∈ 𝐴1 𝑎𝑛𝑑 𝐴0 ∈ 𝐴2 

This implies, 

𝑙𝑖𝑚𝑛→∞
1

𝜆𝑛
║ 𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║(𝑥𝑘0

− 𝑥), 𝑧2, 𝑧3, … , 𝑧𝑛║≥ 𝜀 ∈ ℑ║ = 0     ------------(4) 

𝑙𝑖𝑚𝑛→∞
1

𝜆𝑛
║ 𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║(𝑦𝑘0

− 𝑦), 𝑧2, 𝑧3, … , 𝑧𝑛║ ≥ 𝜀 ∈ ℑ║ = 0------------(5) 

Then we get, 
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𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
║ 𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║(𝑥𝑘0

+ 𝑦𝑘0
) − (𝑥 + 𝑦), 𝑧2, 𝑧3, … , 𝑧𝑛║≥ 𝜀 ∈ ℑ║ 

≤ max

 
 

 𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
║ 𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║(𝑥𝑘0

− 𝑥), 𝑧2, 𝑧3, … , 𝑧𝑛║≥ 𝜀 ∈ ℑ║,

𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
║ 𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║(𝑦𝑘0

− 𝑦), 𝑧2, 𝑧3, … , 𝑧𝑛║≥ 𝜀 ∈ ℑ║
 
 

 

 

= 0                                                                                          (Using (4) & (5)) 

Hence (3) is True. 

Therefore, 𝐴0 ∈ 𝐴1 ∪ 𝐴2 that is 𝐴 ⊂ 𝐴1 ∪ 𝐴2 

This completes the proof. 

(ii) ℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚𝑘→∞ ║𝑥𝑘 , 𝑧2, 𝑧3, … , 𝑧𝑛║ = ║𝑥, 𝑧2, 𝑧3, … , 𝑧𝑛║𝛼 ∈ 𝑘 and 𝛼 ≠ 0 

Then 

𝑙𝑖𝑚𝑛→∞
1

𝜆𝑛
  𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║(𝑥𝑘 − 𝑥), 𝑧2, 𝑧3, … , 𝑧𝑛║ ≥

𝜀

 𝛼 
 ∈ ℑ                -------------

(6) 

Now, we shall show that 

ℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚
𝑘→∞

║𝛼𝑥𝑘 , 𝑧2, 𝑧3, … , 𝑧𝑛║ = ║𝛼𝑥, 𝑧2, 𝑧3, … , 𝑧𝑛║𝛼 ∈ 𝑘 

This is to prove that, 

ℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚
𝑘→∞

║𝛼𝑥𝑘 − 𝛼𝑥, 𝑧2, 𝑧3, … , 𝑧𝑛║ = 0 

This implies, 

𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
  𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║𝛼𝑥𝑘 − 𝛼𝑥, 𝑧2, 𝑧3, … , 𝑧𝑛║≥ 𝜀 ∈ ℑ = 0 

𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
  𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║𝛼(𝑥𝑘 − 𝑥), 𝑧2, 𝑧3, … , 𝑧𝑛║ ≥ 𝜀 ∈ ℑ  

= 𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
  𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║ 𝛼 (𝑥𝑘 − 𝑥), 𝑧2, 𝑧3, … , 𝑧𝑛║≥ 𝜀 ∈ ℑ  

= 𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
  𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║(𝑥𝑘 − 𝑥), 𝑧2, 𝑧3, … , 𝑧𝑛║ ≥

𝜀

 𝛼 
 ∈ ℑ  

Now, Using (4) 

ℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚𝑘→∞ ║𝛼𝑥𝑘 − 𝛼𝑥, 𝑧2, 𝑧3, … , 𝑧𝑛║ = 0 for every 𝛼 ∈ 𝑘 

This completes the proof. 

We suppose𝑋 to give dimension 𝑑,  

where 2 ≤ 𝑛 ≤ 𝑑 < ∞. 

Let,  𝑢 =  𝑢1, 𝑢2, … , 𝑢(𝑛−1)  to be a basis for 𝑋. 

Theorem 5.3 

Let an admissible ideal be ℑ. The sequence  𝑥𝑘 ∈ 𝑋𝜆-ℑ-Statistically Convergent to 

𝑥 ∈ 𝑋 iffℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚𝑘→∞ ║𝑥𝑘 − 𝑥, 𝑢𝑖 , 𝑢𝑖 , … , 𝑢𝑖       
 𝑛−1 𝑡𝑖𝑚𝑒𝑠

║ = 0 for every 𝑖 = 1,2, … , (𝑛 − 1). 

Proof: 

Let  𝑥𝑘 ∈ 𝑋 is 𝜆-ℑ-Statistically Convergent to 𝑥 ∈ 𝑋,  

Then by the definition of 𝜆-ℑ-Statistically Convergent, 
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We have,  

ℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚
𝑘→∞

║𝑥𝑘 − 𝑥, 𝑧2, 𝑧3, … , 𝑧𝑛║ = 0 

Then  

ℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚
𝑘→∞

║𝑥𝑘 − 𝑥, 𝑢𝑖 , 𝑢𝑖 , … , 𝑢𝑖       
 𝑛−1 𝑡𝑖𝑚𝑒𝑠

║ = 0 

For every 𝑖 = 1,2, … ,  𝑛 − 1 , is trivial for all 𝑍𝑖  can be expressed as a linear 

combination of 𝑢𝑖  for 𝑖 = 1,2, … , (𝑛 − 1) 

Assume, 

ℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚𝑘→∞ ║𝑥𝑘 − 𝑥, 𝑢𝑖 , 𝑢𝑖 , … , 𝑢𝑖║ = 0                            ----------------(7) 

for 𝑖 = 1,2, … , (𝑛 − 1) 

To show that 

𝑙𝑖𝑚𝑛→∞
1

𝜆𝑛
  𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║(𝑥𝑘 − 𝑥), 𝑧2, 𝑧3, … , 𝑧𝑛║ ≥ 𝜀 ∈ ℑ = 0          ---------------

-(8) 

Now, Let us consider the n-norm 

║(𝑥𝑘 − 𝑥), 𝑧2, 𝑧3, … , 𝑧𝑛║ 

Also 𝑢 =  𝑢1, 𝑢2 , … , 𝑢(𝑛−1)  is a basis of 𝑋, 

Then we have,  

𝑍2 =  𝛼𝑖
2

𝑛−1

𝑖=1

𝑢𝑖 , 𝑍3 =  𝛼𝑖
3

𝑛−1

𝑖=1

𝑢𝑖 , … , 𝑍𝑛 =  𝛼𝑖
𝑛

𝑛−1

𝑖=1

𝑢𝑖  

This implies, 

 (𝑥𝑘 − 𝑥), 𝑧2, 𝑧3, … , 𝑧𝑛 =  𝑥𝑘 − 𝑥, 𝛼𝑖
2

𝑛−1

𝑖=1

𝑢𝑖 , 𝛼𝑖
3

𝑛−1

𝑖=1

𝑢𝑖 , … , 𝛼𝑖
𝑛

𝑛−1

𝑖=1

𝑢𝑖  

Where „𝑛‟ is any non-negative integer,  

Then we have, 

 (𝑥𝑘 − 𝑥), 𝑧2, 𝑧3, … , 𝑧𝑛 =  𝑛(𝑥𝑘 − 𝑥), 𝛼𝑖
2

𝑛−1

𝑖=1

𝑢𝑖 , 𝛼𝑖
3

𝑛−1

𝑖=1

𝑢𝑖 , … , 𝛼𝑖
𝑛

𝑛−1

𝑖=1

𝑢𝑖  

By using ultrametric inequality and distribution components for each 𝑍𝑖  over n-norm we 

get, 

 (𝑥𝑘 − 𝑥), 𝑧2, 𝑧3, … , 𝑧𝑛 

≤ 𝑚𝑎𝑥

 
 
 
 
 

 
 
 
  (𝑥𝑘 − 𝑥), 𝛼1

2𝑢1 , 𝛼1
3𝑢1, … , 𝛼1

𝑛𝑢1             
 𝑛−1 𝑡𝑖𝑚𝑒𝑠

 

+ (𝑥𝑘 − 𝑥), 𝛼2
2𝑢2, 𝛼2

3𝑢2, … , 𝛼2
𝑛𝑢2             

 𝑛−1 𝑡𝑖𝑚𝑒𝑠

 

+⋯+   (𝑥𝑘 − 𝑥), 𝛼(𝑛−1)
2 𝑢(𝑛−1), 𝛼(𝑛−1)

3 𝑢(𝑛−1), … , 𝛼(𝑛−1)
𝑛 𝑢(𝑛−1)                             

 𝑛−1 𝑡𝑖𝑚𝑒𝑠
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Let 𝑚𝑎𝑥 𝛼1
𝑖 = 𝛼1, for all 𝑖 = 2,3, … , 𝑛 

Similarly, 

Let 𝑚𝑎𝑥 𝛼(𝑛−1)
𝑖 = 𝛼(𝑛−1) for all 𝑖 = 2,3, … , 𝑛 

Substituting these values in above equation, we get 

 (𝑥𝑘 − 𝑥), 𝑧2, 𝑧3, … , 𝑧𝑛    

≤ 𝑚𝑎𝑥  

  𝑥𝑘 − 𝑥 , 𝛼1𝑢1, 𝛼1𝑢1, … , 𝛼1𝑢1 

+  𝑥𝑘 − 𝑥 , 𝛼2𝑢2, 𝛼2𝑢2, … , 𝛼2𝑢2 

+⋯+    𝑥𝑘 − 𝑥 , 𝛼(𝑛−1)𝑢(𝑛−1), 𝛼(𝑛−1)𝑢(𝑛−1), … , 𝛼(𝑛−1)𝑢(𝑛−1) 

  

≤ 𝑚𝑎𝑥  

 𝛼1 
𝑛−1  𝑥𝑘 − 𝑥 , 𝑢1, 𝑢1, … , 𝑢1 

+ 𝛼2 
𝑛−1  𝑥𝑘 − 𝑥 , 𝑢2, 𝑢2 , … , 𝑢2 

+⋯+  𝛼(𝑛−1) 
𝑛−1

  𝑥𝑘 − 𝑥 , 𝑢(𝑛−1), 𝑢(𝑛−1), … , 𝑢(𝑛−1) 

  

 

By our assumption (1), we have 

ℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚
𝑘→∞

║𝑥𝑘 − 𝑥, 𝑢𝑖 , 𝑢𝑖 , … , 𝑢𝑖║ = 0 

For every 𝑖 = 2,3, … , (𝑛 − 1) 

Which implies, 

𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
  𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:  

 𝛼1 
𝑛−1  𝑥𝑘 − 𝑥 , 𝑢1, 𝑢1, … , 𝑢1 +

 𝛼2 
𝑛−1  𝑥𝑘 − 𝑥 , 𝑢2 , 𝑢2, … , 𝑢2 + ⋯+

 𝛼(𝑛−1) 
𝑛−1

  𝑥𝑘 − 𝑥 , 𝑢(𝑛−1), 𝑢(𝑛−1), … , 𝑢(𝑛−1) 

 

≥ 𝜀(𝑛−1) ∈ ℑ  

Therefore we have, 

𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
  𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:  (𝑥𝑘 − 𝑥), 𝑧2, 𝑧3, … , 𝑧𝑛 ≥ 𝜀 ∈ ℑ  

⊂ 𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
  𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:   𝑥𝑘 − 𝑥 , 𝑢1 , 𝑢1, … , 𝑢1 ≥

𝜀 𝑛−1 

 𝛼1 
 𝑛−1 

 ∈ ℑ  

∪ 𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
  𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:  (𝑥𝑘 − 𝑥), 𝑢2, 𝑢2 , … , 𝑢2 ≥

𝜀(𝑛−1)

 𝛼2 (𝑛−1)
 ∈ ℑ  

∪ …∪ 𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
  𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:  (𝑥𝑘 − 𝑥), 𝑢(𝑛−1), 𝑢(𝑛−1), … , 𝑢(𝑛−1) ≥

𝜀(𝑛−1)

 𝛼2 (𝑛−1)
 ∈ ℑ  

Which gives, 

𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
  𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:  (𝑥𝑘 − 𝑥), 𝑧2, 𝑧3, … , 𝑧𝑛 ≥ 𝜀 ∈ ℑ  

⊂ 𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
  𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:   𝑥𝑘 − 𝑥 , 𝑢1, 𝑢1, … , 𝑢1 ≥

𝜀

 𝛼1 
 ∈ ℑ  

∪ 𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
  𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:  (𝑥𝑘 − 𝑥), 𝑢2 , 𝑢2, … , 𝑢2 ≥

𝜀

 𝛼2 
 ∈ ℑ  
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∪ …∪ 𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
  𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:  (𝑥𝑘 − 𝑥), 𝑢(𝑛−1), 𝑢(𝑛−1), … , 𝑢(𝑛−1) ≥

𝜀

 𝛼(𝑛−1) 
 ∈ ℑ  

Hence the right hand side be a member of ideal, Thus left hand side.  

Thenℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚𝑘→∞ ║𝑥𝑘 − 𝑥, 𝑧2, 𝑧3, … , 𝑧𝑛║ = 0, for every non-zero 𝑍𝑖 ∈ 𝑋. 

This Completes the proof. 

 

Let us now determine a norm on 𝑋, Denoted by  𝑥 ∞ , with respect to basis 

𝑢 = 𝑢1, … , 𝑢𝑑 , 

 𝑥 ∞ = 𝑚𝑎𝑥  ∥ 𝑥, 𝑢𝑖 , 𝑢𝑖 , … , 𝑢𝑖       
 𝑛−1 

∥: 𝑖 = 1,2, … , 𝑑  

Theorem 5.4 

Any𝜆-ℑ-Statistically Cauchy sequence  𝑥𝑘  in n-normed space  𝑋,  . , … , .    is 𝜆-ℑ-

Statistical Convergence iff if any 𝜆-ℑ-Statistical Cauchy sequence is 𝜆-ℑ-Statistical 

Convergence with respect to  .  ∞ . 

Proof: 

Clearly 𝜆-ℑ-Statistical convergence in n-norm is equivalent to that in  .  ∞ . 

For all 𝑧𝑖 ∈ 𝑋, 𝑖 = 2,3, … , 𝑛 

ℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚
𝑘→∞

║𝑥𝑘 − 𝑥, 𝑧2, 𝑧3, … , 𝑧𝑛║ = 0 

If and only if                      ℑ − 𝑠𝑡𝑎𝑡𝜆 𝑙𝑖𝑚𝑘→∞ ║𝑥𝑘 − 𝑥║∞ = 0 

 

It suffices to prove that  𝑥𝑘  is 𝜆-ℑ-Statistical Cauchy sequence, with respect to n-Norm 

iff it is 𝜆-ℑ-Statistically Cauchy sequence with respect to  .  ∞ . 

Let  𝑥𝑘  is 𝜆-ℑ-Statistical Cauchy sequence with respect to n-Norm. 

Then there exists 𝑁 ∈ ℕ,  

such that for every 𝑘,𝑚 ≥ 𝑁 

Now we have, 

𝑙𝑖𝑚
𝑛→∞

1

𝜆𝑛
  𝑘 ∈ 𝐼𝑛 ; 𝑛 ∈ ℕ:║𝑥𝑘 − 𝑥𝑚 , 𝑧2, 𝑧3, … , 𝑧𝑛║≥ 𝜀 ∈ ℑ  

Consider, 

║𝑥𝑘 − 𝑥𝑚 , 𝑧2, 𝑧3, … , 𝑧𝑛║ ≥ 𝜀, 

Now, we have ║𝑥𝑘 − 𝑥𝑚 , 𝑢𝑖 , 𝑢𝑖 , … , 𝑢𝑖║≥ 𝜀 for all 𝑖 = 1,2, … , 𝑛. 

Hence, 𝑚𝑎𝑥║𝑥𝑘 − 𝑥𝑚 , 𝑢𝑖 , 𝑢𝑖 , … , 𝑢𝑖║ ≥ 𝜀 for all 𝑖 = 1,2, … , 𝑛. 

By definition,  

 𝑥𝑘 − 𝑥𝑚 ∞ ≥ 𝜀 

Therefore,  𝑥𝑘 𝜆-ℑ-Statistically Cauchy, with respect to  .  ∞ . 

This completes the proof. 
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