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Abstract:This article extend the concept of Ideally Statistical Convergence in n-

Normed space to A-ldeally statistical convergence in n-Normed spaces over a complete,

non-trivially valued, locally compact non-Archimedean field K.
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1. Introduction: This paper stems out from the concept of statistical convergence was
introduced by Steinhaus in 1951. In the year of 1985 ‘Fridy .J.A’, “On Statistical
Convergence”, [2] and in 2000 “A-statistical convergence” by Mursaleen.M[6].
Later Reddy.B.S discussed “Statistical convergence in n-normed spaces” in 2010
[7]. In 2008 Sahiner A, G-urdal M introduced “Ideal convergence inn  -normed
spaces and some new sequence spaces via n-norm” [8] also in 2014 “Yamanci U,
Gurdal M. I-statistical convergence in 2-normed space”[10].

Throughout this article K denotes a complete, non-trivially valued, locally compact

non-Archimedean field, N denotes the set of all Natural numbers, 3 be an admissible

ideal.

Letd = {A,,} be a positive integers tending to oo, it is a non-decreasing sequence.

Suchthat1,,; <1,+1, A4, =1, Wheren € N

Where I, = [n — 4, + 1,n]

2. Preliminaries

Definition 2.1

Let a Sequence x = {x; } is Statistically Convergent to ‘¢’, if for anye > 0,

lim1|{k3n;ne N: |x, —¢]| = e}l =0
n-oon

we write,
stat.
stat.—limy_, x;, =€ (0r) x;, — ¢
Definition 2.2
Let a Sequencex = {x; } Statistically Cauchy Sequence if for any € > 0, there exist an
neN,
Such that,
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1
lim —|{k < n;n € N: e — x| =€} =0
n—-oo

Definition 2.3
A non-empty subset J of a ring R of subsets of N c x is an ideal 3 in R if and only if,
(i) A,B € SwhichimpliesAUB €S
(i) A€ J,BER,Bc AwhichimpliesB €3
J is said to be non-trivial if 3 # @ and N € 3, while a non-trivial ideal 3 in N is said to
be admissible if {x} € 3 for every x € N, where N denotes the set of all positive
integers.
A non-trivial ideal I in N X N is admissible if { n} X NandN X { n } belongs to J for
everyn € N.
Definition 2.4
‘F’is a non-empty class of subsets of x is said to be a filter in x.
provided:
(i) BeF,
(i) A,B € F whichimpliesANB €F
(ii)A € F,A c BwhichimpliesB € F
Definition 2.5
If 3 < 2* isanon-trivial ideal in X,
X # @.Then
FS)={McX:(M=X—-Aand A) € J}isafilter on X and conversely.
3. n-Normed space over a non-Archimedean field &
Definition 3.1
“Let X be a vector space with the dimension which is greater than n — 1 over a non-
Archimedean Valuation |. |with a valued field k.

A function |I., ...,. Il : X X ...x X — [0, o) is called a non-Archimedean n-norm if
@) Il x4, ..., x, I =0if and only if x4, ..., x,, are linearly dependent;

(i) I x4, oo, 2 1 =1 %5, ..., x5, |l fOr every permutation (jy, ..., j») of (1, ...,n);
@@l axqy, ., x, | = la| I xq1, ..., x, |l forall « € k;

(iV)Il x +x',xp, v Xn I < max{ll x, x3, ..., 2, I, |l x, Xy, v X 11}

For all x,x’,xl, X, €EX

Then (X, II., ..., . I) is called a non-Archimedean n-normed space.”

4. )\-J Statistically Convergent and A- 3 Statistically Cauchy sequence in n-
normed Space over non-Archimedean field &K

“Let A = {A1,.} be a non-decreasing sequence of positive integers tending to oo.

Suchthat 1,4 <A, +1, 4 =1, Wheren € N”

Definition 4.1

Let 3 < 2¥ isanon-trivial ideal in X, X +# @, X € N.

A sequence {x;} of X is called A- 3-Statistically Convergent to ‘¢’ in n-Normed space

over non-Archimedean field, if for every e > 0,

Suchthatforall Z; € X,i = 2,3, ...,n,
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,f‘l?o,% |{k € L;n €N:||x — €,25,23, 0,2, | = 3 €T || =0
n
Where I, = [n — 4, + 1,n]
We write,
J — staty lim ||xk — 4,729,273, e, Zy, || =0
k—o0
(or) 3 —staty limy,_q ||xk,zz,z3, ey Zp || — ||€,Zz,23, ey Zy || =0
(or) I —staty limy,_q ||xk,zz,z3, ey Zp || = ||€, Z2,2Z3, e, Zp ||
Where ‘¢’ is the J-limit of the Sequence {x;}.
Definition 4.2

Let 3 < 2¥ isanon-trivial ideal in X, X +# @, X € N.

A sequence {x;} of X is calledA- 3-Statistically Cauchy Sequence in n-Normed space
over non-Archimedean field, if for every € > 0, then there exists an n € N and all non-
zeroZ;, € X,i=2,3,..,n,

Such that,
1

lim/,l— ||{k €l,;n €N: ||xk+1 — Xi) Z2, 23, wee ) Zn || >¢c}l€ES || =0

n—-oo n
5. Results
Theorem 5.1
Let {x,} be asequence in n-normed space (X, II., ...,. ), an admissible ideal ,
2,0 € X, foreveryZ;, € X, if

J — stat, lgim ||xk — 4,725,273, ., Zp, || =0

And S—statl limk_m ”Xk —€,,Z2,Z3,...,Zn ” =0
Then£—¢ =0
Proof:

Letf =¢'(ie)¢—¢ =0

There exist a non-zero z,, z3, ..., z, € X,

In such a way that? — ¢ and zy, z3, ..., z, are not linearly dependent.
(Soz; exist as dimension of X, d < n)

Therefore every € > 0,

li‘rnn—moﬂi ||{k € In;n € N: "xk _‘E,Zz,Zg, vy Zy " = 8} ES || =0 e
1)

limn_,oo% ||{k €El;neEN: ||xk — {",22,23, ey Zp, || >c}ES || =0 = e
(2)

Now,

lim — |k €l;neN: |[€—¢,2525 ...z, || =} €3
n—)ooﬂn

1 '
= limA— ||{k €l,;n €N: ||t’—xk +x,—1,2,23, ..., 2, || >¢c}l€SJ ||
n—>00 n
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1 :
= lim — |k € Lyn eN: |(E—x) + o =€), 22,23, e, 2, || 2 €} €S|
n

QL_{{}O% ||{k €l,;n €N: ||xk — 4,729,273, ., Zy, || >c}lES || ,\
< max f
U%Z ||{k €l,;n €N: ||xk — 4 ,29,23, ., Zy, || >c}lES ||)

=0 (Using (1) & (2))
Thus€—¢ =0 (ie)¢=+¢
This completes the proof.

Theorem 5.2

Let an admissible ideal beJ for each Z; € X foreveryi = 2,3,...,n,

(i) If3 — staty limy e ||xk,zz,z3, s Zp, || = ||x, 22,23, ey Zp ||

and J — stat; limy,_ ||yk,zz,23, werZy || = ||y, Z2,23, e, Zp ||

Then J — stat; limy_o ||xk + Vi, 22,23, ey Zy || = ||x +Y,23,23, ey Zn ||

(i) If 3 — stat; limy,_q ||axk,zz,z3, ey Zn || = ||ax, 7,73, <) Zn || foralla € k
Proof:

(i) Let I — stat; limy_q ||xk,zz,z3, s Zn, || = ||x, Z2,2Z3, e, Zp, ||

and J — stat; limy,_ ||yk,zz,23, werZy || = ||y, Z2,23, ey Zp ||

for every non-zero Z; € X,
ThenA; =0and 4, =0
Where,

1
Ay = Ay(e) = lim — |{k € L;neN: ||, —x,25,23, .., 2, || = e} €S|
n

1
Ay = A,(e) = r{l_)rgl— |k € L;n eN: ||yy —v,25, 23, ., 2, || = e} €T
n

forevery Z; € X,
Let,

1
A(S) = T{E))’ZLOA— ||{k € In;n € N: ||(X'k +yk) — (X+y),22,23,...,Zn || > 8} ES ||
n

To Prove that, A = 0 it is sufficient to show that A € A; U A,
Let 4, € A
Then

lim, ﬁ ||{k €l,;n€eN: || Xy + Vi) — (X + ), 23,23, .., 2y || >¢clES || = 0----
3)

Assume that Ay € A; U 4,

Then AO € Al and AO € AZ

This implies,

limy e ﬁ ”{k €L;neN: " (xko —X),Z3,23, e, Zp ” > 8} €I ” =0 - 4)
limy e i "{k e€lL;neN: " (yko - y). 23,73y iy Zy ” = S} EJ ” = 0------------ (5)
Then we get,
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1
T{L_‘glo/,l— |{k € I;n € N: || Gy + Vo) = (X +¥), 22,23, ., 2, | = €} € S|
n

1
(Tgl_)rg/l— ||{k €l,;n€eN: ||(xk0 —X), 23,23, e, Zp || > s} (SR ||,\
< max f
U%Z ||{k €l,;neN: ||(yk0 — V), 22,23, e, Zy, || = e} €I ||)

=0 (Using (4) & (5))
Hence (3) is True.

Therefore, Ay € A; U A, thatisA c A; U A,

This completes the proof.

(i) 3 —staty limg o || Xk, 22, 23, s Zo || = ||, 22,23, o, 20 || @ E kand @ # 0
Then
limy, e ﬁ ||{k €L;n€eN: |G —%), 22,23, 0, 2 | = ﬁ} € S” -------------
(6)
Now, we shall show that
3 — stat; lim ||axk,zz,z3, ey Zn || = ||ax,zz,z3, ey Zn || a €k
k—o0

This is to prove that,
J — staty lim ||axk — QX,Z,Z3, ) Zy || =0
k—o0

This implies,

1
lim—|{k € I,;n € N: ||a:xk — X, Z9,Z3, eury Zp || >c}eJ| =0
n—)ooAn

1
lim PR I{k € L;n € N: [|a(xy — %), 22,23, ., 2, || = €} € S|
n-ow A,

1
= ii—wol_”{k €l,;n €N: |||a|(xk — X), 29,23, e, Zn || >c} €3l
n

= ,{lj{;%”{k €l,;n€EN: || (X — x), 22,23, v\ Zp || > l%l} € S”
Now, Using (4)
J — staty limy ||a:xk — AX, 29,273, e, Zp, || =0 foreverya € k
This completes the proof.
We supposeX to give dimension d,
where2 <n <d < oo.
Let, u = {u;,uy, ..., upm—1)} to be a basis for X.
Theorem 5.3
Let an admissible ideal be 3. The sequence {x;} € X1-J-Statistically Convergent to
x € X iff3 — stat; limy,_, ||xk — X, U, U, e, U || =0foreveryi=12,..,(n—1).
(n—mé_/
Proof:

Let {x, } € X is 1-3-Statistically Convergent to x € X,
Then by the definition of A-3-Statistically Convergent,
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We have,
J — staty lim ||xk — X,Z3,23, ., Zy || =0
k—o0
Then
3 — stat; lim ||xk — X, U Uy, wen, U ” =0
k—oo S

(n—1)times
For every i =1,2,..,(n—1), is trivial for all Z; can be expressed as a linear
combination of u; fori = 1,2,...,(n — 1)

Assume,

3 —staty limge || — %oup g, oowi | =0 e (7)
fori=12,..,(n—1)

To show that

iy |k € Lim €N: [| (o =20, 22,23, 0,2, | 2 3 €3 =0 oo
-(8)

Now, Let us consider the n-norm

|| (X —x),22,23, -, Zp, ||
Also u = {uy,uy, ..., ug,—1)} is a basis of X,
Then we have,

n-1 n-1 n-1
— 2 _ 3 _ n
Zz—zai ui,Zg—z:ai ui,...,Zn— a; u;
i=1 i=1 i=1
This implies,
n-1 n-—1 n-1
— 2 3 n
|(x) — x), 22,23, ..., 2, || = ||x — x,z aiu;, ) oaiu, ,Z al u;
i=1 i=1 i=

Where ‘n’ is any non-negative integer,
Then we have,

n—1 n—1 n—1
| (x) — x), 22,23, ..., Zp || = |[n(x) — x),z a? u;, Z au, ..., Z al u;
i=1 i=1 i=1

By using ultrametric inequality and distribution components for each Z; over n-norm we
get,
” (xk - X), ZZ) Z3) ey Zn ”

( )
2 3
(x) — x), afuqg, iU, ..., AT Uy

(n—1)times

2 3
< max ! + || (xx — x), a5uUy, A5 Uy, ..., A5 Uy {
(n—1)times

+ ot |G = x)'a(zn—l)u(n—l)'a(3n—1)u(n—1)J ---,a?n—1)u(n—1)
\ (n—1)times y,
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Let max af = ay, foralli = 2,3,...,n

Similarly,

Let max aén_l) = Ap-1) foralli =2,3,..,n
Substituting these values in above equation, we get

| Cxre — x), 22, 23, ..y Zn ||
| (x) — %), ayuy, @quyg, ..., auy |

< max G — x), axuz, azuy, ., U |
+o ot (|G = %), @G-y Un-1) -1y Un—-1)s - En-1y U1
lag "I o = %), ug, ug, o, gl
< max Haa " (e = %), uz, Uz, ., U |

+ e+ |a(n_1)|n_1||(xk - Xx), Umn-1) Umn-1)s > u(n—l)”

By our assumption (1), we have

J — staty lim ||xk — X, U, Uy, ey U || =0
k—oo
Foreveryi =23,..,(n—1)
Which implies,
1 lag "G = %), ug, ug, o wg || +
lim—|[Kk€l,;neN: laa "I (e — %), Uz, U, ooy Up | + - +
n-o A,

|“(n—1)|n_1||(xk = X), Ugn—1), U(n—1), ...,u(n_1)||
> Diegy

Therefore we have,

1
lim — |k € L; n € N: ||ty — %), 23, 23, ., 20|l = €} € S|

n—oo

n
1 gD
clim—|k€el;neN:{(x; —x),u, Uy, ., U1} =———=t EJ
n-o A, |a1|(n—1)
1 g1
im — ; : - > — R}
U Yglzzo 7 {k € I;n € N:{(x, —x),uzuy, ..., Uz} = |az|("_1)} SN

n—-oo

1 E(n—l)
U..Ulim— H{k €L,;n €N: {(xk = X), U(n—1) U(n—1)» ...,u(n_l)} > W}
n
Which gives,

1
lim —l{k € Lyin € N: |Gt = ),72,73, - | = €} € 3]

n—-0oo n

1 £

c lim— {k €l;n€N:{(x;, —x),us, Uy, .., Uy} = —} € S”
n-e Ay s |
1 £

U lim — {k €l;n e N:{(x; —x),uyuy, ..., Uy} = —} € S”
n-0 Ay 0l2|
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1 €
U..Ulim— H{k €l,;neN: {(xk = X), U(n—1) U(n—-1)» ...,u(n_l)} > } (SR
noe dn |-

Hence the right hand side be a member of ideal, Thus left hand side.
ThenS — stat; limy e, || — x, 2,23, ..., 2, || = 0, for every non-zero Z; € X.
This Completes the proof.

Let us now determine a norm on X, Denoted by ||x||, with respect to basis
U= Uy, ..., Ug,

x|l = max{ll XU, Uy e, U i = 1,2, ...,d}
e T
Theorem 5.4
AnyA-3-Statistically Cauchy sequence {x,} in n-normed space (X,|l.,...,.|) is A-3-
Statistical Convergence iff if any A-3-Statistical Cauchy sequence is A-3-Statistical
Convergence with respect to ||. || .
Proof:
Clearly A-3-Statistical convergence in n-norm is equivalent to that in ||. || .
Forall z; € X,i = 2,3,...,n
3 — staty ]gl_)rglo lxx — %, 22,23, ., 2, || = 0

If and only if S — staty limy o, |2 — x||eo = 0

It suffices to prove that {x, } is A-3-Statistical Cauchy sequence, with respect to n-Norm
iff it is 1-3-Statistically Cauchy sequence with respect to ||. ||

Let {x; } is A-3-Statistical Cauchy sequence with respect to n-Norm.

Then there exists N € N,

such that for every k,m > N

Now we have,

1
lim —|I{k € I,;n € N: ||x;, — xn, 25, 23, ., 7, || = €} € S|
n—)OOAn

Consider,
||xk — X, Z2, 23, ) Zp || = &,
Now, we have ||xk — Xy Ujy Uiy oo, U || >eforalli=1,2,..,n.
Hence, max"xk — Xy, Upy Uy e, U || >cforalli=1,2,..,n.
By definition,

”xk - m”oo =€
Therefore, {x; }1-3-Statistically Cauchy, with respect to ||. ||
This completes the proof.
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