Annals of R.S.C.B., ISSN:1583-6258, Vol. 25, Issue 1, 2021, Pages. 666 - 679
Received 15 December 2020; Accepted 05 January 2021.

Neural Network Method For Solving A Nonlinear Problem Of Cross-
Diffusion Task With Variable Density

Muhamediyeva Dildora Kabilovna, Madina Eldarovna Shaazizova,
IIxom Tursunbayevich Ismailov, Malika Yuldashovna Doshchanova
Sultanmurat Uali uli Nasirov
E-mail: matematichka@inbox.ru
E-mail: madish_86@mail.ru
Tashkent University of Information Technologies nhamed after Muhammad al-Khwarizmi, Tashkent,
Uzbekistan.

Abstract: This paper examines the qualitative properties of solutions for cross-diffusion systems of a

biological population with double nonlinearity and variable density. A self-similar approach is considered. A
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Introduction
Formalization of the problem in the form of an objective function and a system is an
integer nonlinear programming problem.
To solve such problems in general and the distribution problem in particular, various
exact and approximate methods of combinatorial optimization are used. In most cases, the
method that guarantees finding the optimal solution is a complete enumeration of all possible
options. However, the set of options for feasible solutions to such problems grows rapidly
with an increase in the dimension of the input data, which makes the use of the exhaustive
search method unacceptable in practice.
Statement of the task

It was found that when considering such a problem, a critical case arises and the
behavior of the solution in this case changes. In area Q={(t,x): 0<t<oo, xe R"}.
Let’s consider a cross-diffusion system of with double nonlinearity and variable density:
o(o(x)u . N -2
% = d|v(D1\x\ upt|vu, |’ Vu1)+p(x)klul(1—ufl),

o(p(X)u,) 0 2 »
%:div(Dz\x\ u™ VU, Vu2)+p(x)k2u2(l—ufz),
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ul‘t=0: ulO(X) v Uy ‘t=o: uzo(x) _ (2)

-2 — -2 . . . ..
vu, | vu, D, X" uVu,|” " Vu,  interdiffusion  coefficients,

Here: D, |x["uy™

m,m,,n, p, 3. 5,,D,, D,- positive numeric parameters, V(.)—grad(.), ., 5, =1, p(X)= \x\*'

,xeR" 1>0; u =u,(t,x) =0, u,=u,(t,x)>0 - solution of a cross-diffusion system of a

biological population with double nonlinearity and variable density.

We will study the properties of solutions to problem (1), (2) based on a self-similar
analysis of solutions to the system of equations constructed by the method of nonlinear
splitting and reference equations and by reducing system (1) to radially symmetric form.

Note that the change in (1) u,(t,x) = e v, (z(t), (X)), U,(t,X) ="V, (z(t), (X))

will bring it to the form:

Ap(xvi) _ div( Dy X" v [V W ) = p()keel P B ey,

; or 3)
_(peg—x)v” = div( D, v V|V )= plokel R,
T
Vl‘t=O: 10(X)’ VZ‘t=0:V20(X)' (4)

Let k,(p—(m, +1))=k,(p—(m, +1)), then choosing
el ekl gl D2kl

(m1 _1)k2 + (p - 2)k1 (mz _1)k1 + (p - 2)k2
we obtain the following system of cross-diffusion equations:

%] — alz-blwlﬁl"'l’
op

%J — aZTbZWZﬂZ+1.
op

p)=|x" 1 py,p,=(p—(n+1)/p,

z(t)

p-2
1

% — wl—s i((olelW;nll
op

ot op

p-2

oW,
op

aWz 1-s a s-1 m,—1
—< = — D w2
or 14 G(p[(p 2t

Here:

b, = (B, —(p—2))k, —(m -1k,
(p—2)k, + (m, -1k,
b. = (B, —(p—2))k, —(m, —1)k

e Do (p-2)" b o,

a, =k ((p—2)k, +(m, —Dk,)*,
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_ p(N-1)

, n+I1
o+’ DT

When conditions are met b, =0, and a.(t) =const,i =12, cross-diffusion system has
the form:

1

% = (0175 i[(ﬁSlDlell %
0p

p-2
%] _ alwlﬂf’l’

or ? o oQ
p-2
% — wl—s 0 ¢)5—1D2W1m2—1 % % _ aZWfZJrl,
ot op op op (6)

Below we describe one of the ways to obtain a self-similar system for the system of

equations (5). It consists of the following. Initially, we find a solution to the following system
of equations:

_ - S+l
——=—aw
dr !
dw. _
d TZ — _a2W2ﬂ2+1

If b,=0, u a(t)=const,i=12 then the solution of the equations has the following
form:

] B
In case b, #0, and a (t) =const,i=1,2 we find a solution to the following system of
equations:

() = (e (), = ’% () = ()7 7, =~

dw, _
1 — _ai/z-blwlﬂl_"l’
dr
dw _
—2 =—arw/",
dr

Solution of the equations is as follows:

W(2) = (e(O) 7, 7, = b17+11, W, (r) = (r(1) 7, 7, = bzﬂjl.

Using the method of nonlinear splitting, the solution of system (5) is sought in the

form:
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v, (t, X) = W, (7) 2, (z(t), (| X)),
V, (t,X) = W, (7) 2, (2 (t), @(|x)).

If »(p-2)+y,(M-D=y,(p—2)+y,(m,—-1), then parameter 7 =z(t) is selected as

(7)

follows:
! 1-[71(p=2)+7, (m-1)] if 1- _2 1 0
f 1_[}/1(p_2)+72(m1_1)](T+T) o | [7(P=2)+y,(m -1)] =0, Then
7,(r) = [T O™ P Odt = In(T +7), it 1-[y,(p—2)+7,(m -1)]=0,
0 (T +7), it =2 u m =1,

for the new variable z (z,¢(|X))), i =1,2 we obtain the system of equations:

% = (pl‘sdiv((ps‘lDlz;"l‘l |Vzl|p_2 vzl) +y(z -2,

T
oz p-2 (8)
8_2 = (Pl_sdiv((Ps_lDzzF2_1|VZ2| VZZ)—l— w,(Z, — Z§Z+l)’
T
where
1 it 1-[1(p=2)+7,(m 1) >0
W, = (1_[7/1(p_2)+72(m1_1)])7’ ' o ’
e, if 1-[n(p—2) +7,(m ~1) =0,
(9)
- it 1-[,(p-2) + 7,(m, ~1)] >0
v, = (1_[7/2(p_2)+7/1(m2 _1)])7’ ? e ’
}/ch—(l—[}’z(P—2)+71(m2—1)])’ lf 1— [7/2 (p _ 2) + 7/1(m2 _1)] -0.
If 1-[»,(p—2)+y,(m —1) =0, self-similar solution of system (9) has the form
7,(z(t), ) = f,(&), 1=12, E=p(x) /[«(O]"". (10)
Then substituting (10) into (8) with respectto f, (&) we obtain the system of self-similar
equations
-2
v d oo |df P df, & df
— = D)+ =214 f(1-f%)=0,
3 df(é: 2 de dé:) 0 dZ 4 T ( ) an
-2
ve d o ciemaldf, [T df,, & df
(&2 2)+ 224 4, f,(1-f/2)=0.
5 df(g 1 de df) 0 d¢ s, T, 2°)
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1 and p, = L :
A-[n(p—=2)+ y,(m -1)]) A=[r,(p=2)+y,(m, =1)])

System (11) has an approximate solution of the form f, = A(a— &)™, y = p/(p-1),

where g =

f_2 = B(a'_gy)n2 )
where A and B constant and

__(-Hp-(m+1)) ~_ (pP-H(p-(m,+1))
to(p-2°-(m-H(m,-) " * (p-2)*—(m -1)(m,-1)

In this section, we solve the problem of choosing an initial approximation for the

iterative process, which leads to a fast convergence to the solution of the Cauchy problem (1),
(2), depending on the values of the numerical parameters and the initial data. For this purpose,
the asymptotic representation of the solution found by us was used as an initial approximation.
Construction of the upper solution for cross-diffusion systems of a biological
population
Let us start constructing an upper solution for system (11).

Note that the functions f (&), f,(£) have properties:

p-2

—na|df, | df, e P

fzmlld_gi d_‘:i:_Ap B™ 1(7/7/1)p1§fle(:(0,oo),
df,|"” o,

flmrl d_gz d_gz_Amlep—l(Wz) §f2 EC(O,OO)

and

o,

dg

i) _
1- d -1¥m,—1 df i df p-1 m,-1p p-1| of df
et e AL e = B ABP of, + £2 |,
4 d§[§ 1 de déj ‘772‘ 172 ( 2+§d§j

Let us choose A and B from the system of nonlinear algebraic equations

™ APB™ =11 p,
p-1 m-lp p-1 _
‘772‘ 7y, AT B =1/ p.

1-s d s-1¢ m-1
é: E(f fzm1

p-2 = =
df - apma| g 2 df
d—é}—\m\“w" o)

Then function f,, f, are a Zeldovich-Kompaneets type solution for system (1) and in
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the domain |&] < (a)""™'? they satisfy the system of equations

—p-2 — —
gl—si 55_1f_2m1_1 % % + § %4_3 f_l — 0’
dé dé| d& | pdé p
— p-2 — —
gl—si gs—lf_lmz—l % % + 5 % E f_z — O
dé dé| d& | pdé p
in the classical sense.
Due to the fact that
AT mo df df
é: lfzml ' dé g 11
saFm,- df df
S ae =&,

function f,(£), T,(£) and the flows have the fo

o< 0. 7|

0= f@), e |

llowing smoothness property

df

9 =¢£*f,€C(0,0),
©df,
9 =&F,eC(0,).

Let us choose A and B such that the inequalities

"Ly APIB™ L >1/ p,

p-1 m,~1p p-1
77| 7y, ATBP 21 p.
Then, when
. d - df df & df, S —
gls_ é; lfmll __]____f
dé ’ d¢ | pdé  p
s O ssagma df df2 §df S —
=—>f,
: dé{g : az | pds "
then due to the fact that
g_fég , (cjlfgi <0 npu & €(0,),
671
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From (12) we have
df,
dé
df,
dg

1-s d s—1- ¢ m-1
5 E{%ﬁ fz

p-2 | — =
% +é%§0’
dé | pdé

P2 - 3
df, +£df2 <0
d¢ | pdé

1-s d s-1gm-1
5 E[g f1

& e(0,0).

Theorem 1. If  U(0X)<u.(0X), xeR,  f=A@-¢&)" y=p/(p-1),

(P-Dp-(m+D)) _ (P-DP-(M+D)) i the
(p-2°*-(m-D(m,-D" * (p-2)°—(m-1)(m,-1)’

domain Q the solution of problem (1) satisfies the upper bound
u, (t,x) <uy, (t,x) =e“'z7= (&),
U, (t,X) <u,, (t,X) =77 f,(&),

Note that the solution ofsystem (1 for A = P DD | owi
ote that the solution of system (1) for i (p-1)(p—(m +1)) as the following

f_zzB(a—af7)n2, n1:

&= (X)) /T=(O1".

representation for

7
m

e
a= [Pl;// B 1+ nl)j (sz/ B(E 1+ nZ)J”Z
V4 V4 '

where B(a,b)- Beta Euler function.
It is proved that this representation is the asymptotic behavior of self-similar solutions to

systems (1).
1w
SN CEEORIVEY:}

1

sz J (a- 6527):]2 dx = P,
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1 n 1

1 n 1, n
r J. (a_§17)+nldX:a7 ljny (1—77)n1d77 =a’ 1B(E’l"' nl) =P,
b 7% vy v

1 » Ny 1

1 ny 1, Ny
r [(a-g)),"dx=a’ 1[777 A-n)*dy=a’ =B(,1+n,) =P,
L 0 7% yor

Here:

v

e e
a=[Py /B 1+ )" =[Py /B 14 ).
V4 V4

At n,>0,n,>0,n>0 we get the following functions
él(g) = (a_§)+n1’ 0_2(§) = (a_g )+n2'
Here: a>0, (y), = max(y, 0), &<a. For a global solution of the system of equations

(1) to exist for the function f,(&),i =12 must satisfy the following inequality [5]:
daF " df, | & df,

L L=y f - f2)<0,
E dg} 0 de = 17)
i

2 -
dé %]+é%+ﬂ1fl(l_ flﬂl) <0,

1-s d s-1- ¢ m-1
5 @(5 f2

dg
& € (0,0).

d _
l-s ¥ s—1.|:m1—1
-

Here:
B =1/n,, g, =1/n.
Development of an algorithm and program for solving cross-diffusion systems
Consider inthe area D=Qx(0,T), Q<R", Q={-b, <x,<b,, a=12} two-

dimensional reaction problem with diffusion

ou 0 0 0 0 ou ou
— = g + d —v,(t)— -V, (t)=— + k(t)u(1-u”),
Xl{u Xlu} Xiu qu} v, (t) x v, (t) X ()u( u ) o

u =U(Xl,X2,t), |X|: (Xl)z +(X2)2’
xeQ

with initial and boundary conditions
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u(0,x) =u0(x)=0, (18)
u‘r = u(x,t), te(0,T), ' —rpanuma Q (19)
which, in the case of degenerating, is equivalent to the Cauchy problem with a finite

initial function
uo(t,x):U(t)(a—%ézj J;azl; E=xI1"% T(t):j [T ()] d7.

1B

L as1 o) — |,
1+ ) —jk(q)dg
l+eo

k(t,x):=k(t); k(t)=

where
k(ﬂ)dﬂ

1) 7(0) <+, 2) qjeo dn <+,

Let 0<Kk(t,x)eC(0,+0)xR". In Q build a uniform mesh @, byx,, (a«=12) with

by b, .
steps hy=—u h, =—=:
n - n

:{xij :(xl'xz‘) x, =ih, xJ=jh, i,j=01..,n,, a=1,2},
and uniform grid in time @, :{tk =kz, >0, k=0,1,...,m, rm:T}, T>0.
The idea is as follows: Enter an intermediate value y = yk%, rie Y=Y, =y k-

layer number, which can be regarded as the value of y at t=t,,,, =t +7/2

k+}/
% ALY+ ALY +a(y"),
' (20)

W;%.y;%_[\ly“}/ + A y +q(yk+1)
VA
Ay =%[am, JYH) (vt =) = (V) (% - vih) ]+ s -
2
AyY" :hi22|:bi,j+1(yk) (yik,j+1 - yik,j)_bi,j (yk) (yik,j - yik,j—l):| +1;]_Z(Yik,j+1 - yik,j)’
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a(y) =kt %, %) ;A= y7) X" :(fo % )m'

Here the difference coefficients a(y)u b(y) must satisfy the conditions of the second

order of approximation and one of the following formulas is used to calculate:

a)a, (y)= K(%} b.;(Y)= K(%). j=12...n,-1 a=12, (21)

6)ai,j(Y)= K(yi—l,j)+ K(yi,j) bij(y): K(Y;ja) + K )

> , > d,j=12,.,n -1, «a=12,(22)

where K(u)=u”.

Using formula (22), we have
a;(y) :%[(yi—l,j)g + (yi,j)g:" b ;(y) = %[(yi,j—l)a + (yi,j)6:| :

We rewrite the initial and boundary conditions as follows:

Vii=U(X), xea,
ylkjl =4, mpm j=0 u j=n,, (23)
ylk]ry “% npum i=0 u i=n,

k+1

where ﬁ—;(,u + 4t )- ZAZ(y"”—,uk), which is obtained from system (20), after

eliminating the intermediate value y**”

We rewrite (20) as:

ylk;r}/ _ AV L EK =L _2 AvK k
=Y i = yi,j + A,y +4(y),
Oki (24)
0y|51 _Azyk+1+ Ifi!?%, Fk+y y, k+% +A1yk+}/2 +q(yk+%)’

we also agree on the following notation: y*=y, y““=y, y*=y.

To solve the resulting scheme of nonlinear equations, we use the iterative method.

Ss+1

yi' 1 s+1 s+1 s+1 Sil N . s

05'-Jr_h1|:'+1](y)(y'+ll y'lj a'J(y)(le yi—lyj):|+ﬁ(ylk+l}j ylkj}/)_'_l:ivj:O,
(25)
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2 s

S+1
yi . 1 s+1 s+1 s+1 s+1 V.
05‘-JT:|’11|: |1+1(y)(y|1+1 y.,) b.J(Y)(y” yi,j—l):|+h_1(yik,j+1_yik,j)+Fivj:O;
. 2
(26)

where a, ;(y) and b, ;(y) are defined by formula (22).

he iterative process is performed according to the following schemes:
The approximation is performed by the Picard method (simple iteration)

S+1
v — S+1

g5 LA T+ Ay +a(y),
s+1

) — s+l S
e N ()]

In (25), introducing the notation
Trs oy s\t s 0.57 - |X; “
(yljj |+1J(YJ hl ﬁ! Bi,j %(yi,j) 'ai,j(

i,j=12,...n -1 a=12

<| e
N—

s 0.57-
A=

h
éi,j :SAi‘j+éi,j+1, S=0,1,2,...

|+1 j

difference equation can be written as:

s+1 s+1 S s+1 S
A'JyHlJ C'JyIJ+B'Jyllj —Fij, (27)
y=u, upu i=0,n,
Lj=12,..,n, -1 a=12
Accordingly, (26) can be written as:
s+1 S stl s Stl S
=—Fij, (28)

Ai'j yim—Ci,j Yijt Bi.j Yija
=g, ati=0n,

where
s 05z-fx | (2 Y s\ ¢, s 05zfx | g ;
i= hg yl,] i+1, ] y hzvlj I,] h12 yle 1] y

Cij=Aj+Bij+1, s=012,. i,j=12,.,n, -1, a=12.

For the numerical solution of problems (27) and (28), the sweep method is used.

676
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System of equations (27) is solved along the lines j=1,2,...,n, —1 and is determined Yy
at all grid points w,. Then the system of equations (28) is solved along the columns
i=12,..,n —1defining y atall grid points o,. When passing from layer k + 1 to layer k + 2,

the counting procedure is repeated. The results of the C ++ solution are shown in
Fig.1.

Conclusion
The processes of multicomponent cross-diffusion systems of a biological population

with double nonlinearity and variable density are simulated on a computer.
Estimates are obtained for solving the Cauchy problem for multicomponent cross-

diffusion systems of a biological population with double nonlinearity and variable density.
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Figure 1. Solution results
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Figure 2. Results of a computational experiment in the one-dimensional case
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