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Abstract:

In this paper, it is proved that the H-graphs, n copies of H-graphs, Theta graph,
Path union of Theta graph and Duplication of Theta graph are Lucky edge graphs.

Let G be a simple graph with vertex set V(G) edge set £E(G) respectively. Vertex

set V(G) and edge set E(G) by positive integer and E£(e) denote the edge label such
that it is the sum of labels of vertices incident with edge. The labeling is said to be

lucky edge labeling, if the edge set E(G) is a proper coloring of G that is if we
have E(e1) # E(e2) wherever €1 and € gre adjacent edges.
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Introduction:

In 1967, Rosa [6] introduced the concept of labeling.

Nellai Murugan [3,4], introduced the concept of Lucky edge labeling. A vertex
labeling of a graph G is an assignment of labels to the vertices of G that includes
for each edge uv a label depends on the vertex labels x and y.

In this paper we proved that the H graphs, n copies of H-graph, Path union of
Helm, path union of closed helm, path union of Gear graph are lucky edge labeled
graphs.

Preliminaries:
Definition 1.1

Lucky labeling is coloring the vertices such that the sum of labels of all adjacent
vertices G vertex is not equal to the sum of labels of all adjacent vertices of vertex
which is adjacent to it. [5,7]
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Definition 1.2

The H-graph of a path Pr s the graph obtained from two copies of Pr with vertices

n+1 n+1

V1,V2, Un by joining the vertices Vs and ~ = by an edge if n is odd and the

vertices 51 and U3 if n i even.[2].
Definition 1.3

A Theta graph (Te) is a block with two non-adjacent vertices of degree 3, and all
other vertices of degree 2. [1,8]

Definition 1.4

A vertex Vi’ is said to be a duplication of Vi if all the vertices which are adjacent to
Vi are now adjacent to V' [8]

Theorem:1

The Theta graph (Te) admits Lucky edge labeling whose Lucky number is 6.

Proof:

If Yo, YUz, -Us gre the vertices of the Theta Graph Yo be the central vertex and
rest of the vertices Y1,.42,U3, Us, Us,Us  gre the external vertices.

Edge set can be defined as,

E(G) = {UotnthoUsUithis1;1 < i <5}

Let us define the vertex labeling f: V(G) = {1,2,3,4} labeling has to be given by,
D) f(uo) =4

i) f(ug) =1
i) f(uz) =2
) f(uz) =4
v) f(us) =3
vi) f(us) =3
vid) f(ue) =1
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Define the map /™ on E as follows,

Let fE(G)—{1,2,3,4,5,6} such that,

D) fr(uou1) =5

i) f*(uouqg) =6

i) f*(uyuip) =i+ 1, where1 <i<5

vi) f*(ugur) =4

lllustration:1
1 3 2
2 4
1
5 ﬁ 6 2
4 5
3 6 3
Figure: 1

Figure-1 shows Theta graph and its lucky number is 6.

Theorem:2

The duplication of any vertex of degree 3, in the Theta graph Te s a Lucky edge
labelled graph and its Lucky edge number is 8.

Proof:

Let G« be a graph obtained from T after duplication vertex of the V1and
duplication vertex of the vertex V4,

Let us define vertex labeling f : V(G)—{1,2,3,4} as follows
Case(i)

Labeling of Duplication of V1 we define f(v1) =4, V1 is the Duplication vertex of
51

Further
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f(v))=1,wheni =34
f(v))=2,wheni =1,2
f(v;)=3,wheni =5,6

Define the map /™ on E as follows,
Let f"E(G)—{2,3,4,5,6,7,8} such that,
Df(vivy) =4

i) f*(vyv3) =3

1) f*(v3vy) = 2

vi)f*(vavs) =4

v)f*(vsvs) = 6

Vi) f*(ver1) =6

Vi) f*(vgv1) = 6

viil) f*(v1vy) = 6

x)f*(v4vg) =5

x)f*(vi'vg) =5

X)f (vi'vy) =6

X)) f*(vi'vg) =7

xii) f*(vi'vy) =8

xiD) f*(v4v3) =6

Xiv) f*(v4'vs) = 7
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Ilustration:2

Figure: 2
Figure-2 shows the Duplication of Theta graph and its lucky number is 8.

Theorem:3

For every m = 1 there exists a path. Path union of “m” copies of Theta graph Te s
a Lucky edge labeled graph whose Lucky number is 6.

) s ) 1 2
Consider “m” copies of Theta graphs Toc') Toc"- T
Then V(T«™) = {wio,wi1, Uiz, Uis,Uis, Ui, 1 < 1 < 6}
E(T«")
= {Up U2, Ui U3, U3 Ui, Uialis, Uis Ui 1 < T <N U {Uptlizg, WUz, UigUie, 1
<i<n}
Proof:

Let the function f : V(G)—{1,2,3,4} there exists a Path union of Theta graph whose
vertex labeling is defined by

) f(ujp) =4 foralli
i) f(upn) =1 foralli=43,.n— 1 f(u) =3 foralli=24,.n,
i) f(up) =2 foralli=1,3,.n—1
f(up)=3foralli=24,6,.n
f(uz)=2foralli
f(uip) =3 foralli=1,3,.n—1
f(uip) =2 foralli=2,4,.n
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f(us)=3 foralli=1,3,.n—1

f(uis) =3 foralli=24,.n

f(ui) =1 foralli
Define the amp /™ on E as follows,
Let f*E(G)—{2,3,..6} such that,
Df(ui,up) =3, fori = 1,3,.n—1
) f(up,uiz) =4, fori = 1,3,.n—1
) f(uguis) =6, fori = 1,3,.n—1
) f(ups,u) =4, fori = 1,3,.n—1
V) f(UuieUlip) =5, for all i
vi)f(up,upp) =6, foralli
vi)) f(u;j1,uip) =6, foralli = 2,4,.n
vii)) f(up,uiz) =5, foralli=2,4,.n
x)f(uizupp) =4, foralli=2,4,.n

llustration:3

Figure: 3

Figure-3 shows the Path union of Theta graph and its lucky number is 6.
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Theorem:4
The graph Hy, graph (n = 3) is a lucky edge labelled graph having Lucky number
is 4 and fn graph (n = 5), whose Lucky number is 5.

Proof:

Let G = (V,E) be an H graph, with vertex partition V = AU B, vertices in A
makes left arm of H and B makes right arm of it.

The component A-contains the edges {¢@i+1, where i > 1, bibi+1 where i 21

an+i hn+1

) aryq b )
= —=z,whennisodd 2%, “z when n is an even.

Then |V (G)| = 2n vertices and |E(G)| = 2n — 1 edges.

Lucky edge labeling of Hy graph is divided into two cases.
Case(i)

When n is an odd

Sub case (ii)

When n=3, the vertex labeling ‘f” is constructed as follows,
(D f(ar) = 2

(iD)f(az) =1

(ii)f(a3) =3

(iv)f(by) = 2

(v)f(by) =1

(vi)f(b3) =3

Edge labeling fe must be given by

fe((b1bz)) =3

fe((b2b3)) =4

fe((azbz)) =2

fe((a1az)) =3
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fe((azaz)) =4

2 2
3 3
1
2
4 4
3 3
Figure: 4

Figure-4 shows H3 the graph and its lucky number is 4.
Subcase (ii)

As explained the vertex labeling of H3 above, it can be extended
HSJ HllJH17J"'H6k—1J Vke Z+, |ndUCt|Ve|y,
Pendant varices of Hs H11.H17,-Her—1 can be labelled as 2.

Edge labeling can easily be completed by adding the labels of the extreme verities
of the given edge.

llustration:5
2 2
(] (]
4 4
Q2 @2
3 3
1 1
I—‘z
4 4
3 Q3
5 5
(] Q
2 2
Figure: 5

Figure-5 shows Hs the graph and its lucky number is 5. [when n = 5]
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Subcase (iii)
As Explained the vertex labeling of Hsabove, it can be extended, for
H7,H13,Hyo,.Heiey1,V kK € Z¥ inductively, pendant vertices of those Hn can be
labelled as 1.

Computing of Edge labeling is mentioned in the subcase (ii)

llustration: 6
1 1
(] @
3 3
Q-2 Q2
4 4
Q2 Q2
3 3
o 0 y
4 4
@3 @3
5 5
Q2 Q2
3 3
(] (]
1 1
Figure: 6

Figure-6 shows H7 the graph and its lucky number is 5.

Subcase (iv)

The vertex labeling of H7js explained in subcase (ii), from that it can be extended
Ho,H15,Hz1,.Hey3, ¥V k € Z7 inductively.

The pendant vertices if Ho,H1s5,H17,-Hok+3 can be labelled as 3. Edge labeling can
be computed by adding the labels of the extreme vertices of the given edge, but
adjacent edge labels should not be in same.

llustration:7
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Figure: 7

Figure-7 shows Hi1 the graph and its lucky number is 5.

Case(ii)
When n is an even
Subcase(i)

When n =4, the vertex labeling f is constructed as follows
D fla) = 2

(ii) faz) = 2

(iit) f(as) = 1

(iv) f(as) = 3 and
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f(b1) =3
f(by) =1
f(b3) =2
f(bs) =2

Edge labeling must be given by
fe((a1a3)) = 4
fe((azaz)) =3
fe((azas)) =4
fe((b1b2)) =4
fe((b2b3)) =3
fe((b3bs)) =4
fe((azby)) =2

llustration:8
@2 @3
4 4
02 1
3 /3
2
¢ ¢
4 4
@3 @2
Figure: 8

Figure-8 shows Ha the graph and its lucky number is 4.
Subcase(ii)

The vertex labeling of H+ is explained in subcase (i) it can be extended,
Hg, H1p, Hig,..Hgp

Pendant vertices of these H-graphs can be labelled by 3.

http://annalsofrscb.ro 4490



Annals of R.S.C.B., ISSN: 1583-6258, Vol. 25, Issue 2, 2021, Pages. 4480 - 4497
Received 20 January 2021; Accepted 08 February 2021.

Edge labeling can be computed by adding the labels of the extreme vertices of the
given edge.

Illustration:9
@3 @3
S 6
Q2 @3
4 4
Y 1
3 /3
2
¢ ¢
4 4
Q@3 Q2
6 5
@3 @3
Figure: 9

Figure-11 shows He the graph and its lucky number is 6.
Sub case (iii)

The vertex labeling of Hs js explained above in the previous subcase, it can be
extended for Hs, His, Hoo-Hert2, kK €Z" inductively, pendant vertices of
Hg, H14, Hy0,-Hgi42, k € Z™ can be labelled by 1.

Computing of Edge labeling is mentioned in the previous subcase.

http://annalsofrscb.ro 4491



Annals of R.S.C.B., ISSN: 1583-6258, Vol. 25, Issue 2, 2021, Pages. 4480 - 4497
Received 20 January 2021; Accepted 08 February 2021.

IHlustration:10

@1 @1
4 4
@3 @3
S 6
Q2 @3
4 4
02 1
3 /' 3
2
¢ ¢
4 4
Q@3 Q2
6 5
©3 @3
4 4
Q1 Q1
Figure: 10

Figure-10 shows Hg the graph and its lucky number is 6.

Subcase (iv)

The vertex labeling of Hg has explained in the previous case, In addition to that
pendant vertices of Hyo,H16,H22,-Hel+4 can be labelled by 2.

Edge labeling can be computed by adding the labels of the extreme vertices of the
given edge.Labeling of the adjacent edges should not be in same.

Theorem:5

The path union of n copies of Hs graph and Hy graph is lucky edge labeled
graph.[8].

Proof:

N copies of Hs- graph.

Consider an H-graph with 2n vertices and 2n-1 edges.
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Let Ui“Ux"Us"..Vi*, V,V5" k=1,2,3,..n are the vertices of H-graph. Vi and
Vi**! are connected by an edge, where k=1,2,..n — 1.
Define f:V(G)—{1,2,3} then the vertex labeling as
i) f(U) =2whenk = 1,2,5,6,9,10,..

ii) f(U,) =1 when k = 1,2,5,6,9,10,..

iii) f(Us*) =3 when k = 1,2,5,6,9,10,..

iv) f(V{¥) =3 whenk = 3,4,7,8,..

V) f(V5) = 1whenk = 3,4,7,8,..

vi) f(V5¥) =2 when k = 3,4,7,8,..

vii) f(U,*) =3 when k = 3,4,7,8,..

viii) f(U,*) =1 when k = 3,4,7,8,...

ix) f(Us*) =2 when k = 3,4,7,8,..

V) f(V{¥)=2whenk = 1,2,56,..

f(V{¥) =1whenk = 1,2,56,..
f(V{)=3whenk = 1,2,5,6,.

Edge labeling must be given by

DF(U5U5) =3 whenk = 1,2,5,6,...
iNf((U5U) =4 whenk = 3,4,7,8,..

i) f((U5U39)) = 4 whenk = 1,2,5,6,..

v f((U5U59)) =3 when k = 3,4,7.8,..
VF((V{5V)) =3 whenk = 1,2,56,.

v f((V{*V,5) =4 whenk = 3,4,7,8,..

Vi) f((V5V3)) = 4 when k = 1,2,5,6,..
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vii)) f((V55V5%) = 3 when k = 3,4,7,8,..
x))f((U5V,5) =2whenk = 1,2,3,4,.
X)f((V{* LV 1)) =4 whenk = 1,5,..
FVL V1)) =5 when k = 2,4,6.
F(V5V DY) =6whenk = 3,7..

Ilustration:11

Figure: 11

Figure-11 represents s the Path union 4-Copies of H3 graph and its lucky number is
6

Case (ii)

n copies of H graph

Let U1", U5 U3 UL and V1*V,5 V35 V4¥ are the vertices of H4 graph.
Us* and V2" are connected by an edges for all k.

Also, V1" and V2" are connected by a path for all k.

Define f:V(G)—{1,2,3} then the vertex labeling as

D) f(U =2 forallk

i) f(U;) =2 forall k

iii) f(Us*) =1 for all k
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iv) f(V{¥) =3 whenk = 1,2,5,6...

V) f(Vo%) =1 for all k.

vi) f(V5¥) =2 when k = 1,2,5,6,..

vii) f(V4) =1 for all k.

viii) f(V1*¥) = 2when k = 3,4,7,8,...

viii) f(V55) = 3when k = 3,4,7,8,...

Edge labeling must be given as

D (U0 =4 forall k.

i) f*((U5U55) =3 forall k.

iii) f*((Us5U49) =4 forall k.

iv) F((V{*V,)) =4 whenk = 1,2,5,6,...
V) F*((V15V,)) = 3when k = 3,4,7,8,..
vi) £ ((V25V5) =3 whenk = 1,2,5,6,...
vii) £ ((V35V4)) = 4when k = 1,2,5,6,..
viii) f*((V35V4)) =5 when k = 3,4,7,8..
xi)f*((UsV,5) = 2 for all k.

X (V{5VY) =6 when k = 1,5,.
xD)f*((V{5V¥) =5when k = 2,46,..

xi)) f((V{5V{)) = 4 when k =3,7,..
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IHlustration:12

2@
2@ 1 2@ 1 2Q 1 2Q 1
1 2 1 2 1 3@ 1 3Q

Figure: 12

Figure-12 indicates s the Path union 4-Copies of Hy graph and its lucky number is
6.

Conclusion:

In this paper, we shown that the H-graphs, n copies of H-graphs, Theta graph,
Path union of Theta graph and Duplication of Theta graph are Lucky edge graphs.
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