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Abstract 

In this paper we study spaces of Bessel potentials in n-dimensional Euclidean spaces. They 

are constructed on the basis of a rearrangement-invariant space (RIS) by using convolutions with 

Bessel– MacDonald kernels. The differential properties of potentials are characterized by their 

modulus of continuity of order k in the uniform norm.  Specifically, the treatment covers spaces of 

Generalized Bessel potentials constructed over the basic weighted Lorentz space. In particular, we 

determine continuity envelope function. This result is then applied to estimate the approximation 

numbers of Generalized Bessel potentials when Generalized Bessel potentials constructed over the 

basic weighted Lorentz space.  

 

Keywords: Rearrangement invariant space,Generalized Bessel, Continuity envelopes, modulus of 
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Introduction 

We study the space of Bessel potentialsHE
G ℝn  constructed by convolutions of functions with 

Bessel–MacDonald’s kernels . Here the role of the basic space is played by a rearrangement-invariant 

space (RIS). The paper is organized as follows. Section 1- basic definitions of the potential theory. 

The main properties of kernels are considered and basic spaces for potentials are described. Section 

2-contians some auxiliary results. Estimates for  u 𝐶are presented for potentials, and properties of 

moduli of continuity are discussed,determine continuity envelope function. The main results of the 

paper are presented in Section 3. In the Theorem 3.1 we determine continuity envelope function. This 

result is then applied to estimate the approximation numbers of Generalized Bessel potentials when 

Generalized Bessel potentials constructed over the basic weighted Lorentz space.  

 

I.Basic definitions 

The potential space HE
G  ≡  HE

G ℝn  isdefined as the set of convolutions of potentials kernel with 

functions from the basic space. 

HE
G ℝn =  u =  G ∗ f: f ∈  E ℝn  .(1)  

where E(ℝn) is a rearrangement-invariant space (shortly: RIS). This uses the axiomatics introduced 

by C. Bennett and R. Sharpley [1]. We define 

 u HE
G  =  inf⁡{ f E ∶  f ∈  E(ℝn), G ∗ f =  u}.  (2) 

 The kernel of a representation G is called admissible if 

G ∈  L1 ℝ
n + E′ ℝn .   

Here the convolution G ∗ fis defined as the integral  

 G ∗ f  x =  2π −
n

2    G x − y f y dy.
ℝn (3)  

Moreover, let E′ ℝn be the associated RIS, i.e. RIS with the norm:  
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 g E′ = sup   fg dμ  ∶

ℝn

 f ∈  E,  f E ≤ 1 .                  (4) 

For the RIS E(ℝn), E′ ℝn , we consider the spaces E =  E (ℝ+ ), E′ = E′ (ℝ+ ) −their Luxemburg 

representations, i.e. RIS for which the following equalities are satisfied 

 f E =  f ∗ E  ,                g E′ =  g∗ E′ .  

where f ∗is the decreasing rearrangement of the function f, i.e. a nonnegative decreasing right 

continuous function on ℝ+ =  (0 ,∞), which is equi-measurable with f: 
μn  x ∈ ℝn ∶  f x  > 𝑦 = μ1 t ∈ ℝ+:  f ∗ t  > 𝑦 , y ∈ ℝ+ .        (5)  

 whereμn  is n−dimensional Lebesgue measure. 

 The space of potentials HE
G  ≡  HE

G ℝn isdefined as the set of convolutions of the kernels of 

potentials with functions from the basic space E. 

 For R ∈  (0 ,∞)we introduce the class of monotone functions ℑn(R) as follows. the 

functionΦ: (0, R) →  ℝ+ ∈ ℑn(R) belongs to ℑn(R), if Φsatisfies the following conditions: 

 1. decreasing and continuous at(0, R), 

 2. there is a constant c ∈ ℝ+ , such that 

 Φ ρ ρn−1

r

0

 dρ ≤  cΦ r rn ,    r ∈  0, R .                                (6) 

 

 The kernel of a representation  G ∈  L1 ℝ
n , the properties of kernel are discussed in Definitions 1.1-

1.3 below 

Definition 1.1. Let LetΦ ∈ ℑn R . We assume that G ∈  SR(Φ), if 

G x ≅ Φ  x  ,   0 < 𝜌 =  x < 𝑅,   𝑅 ∈ ℝ+ . 
Definition 1.2. Let Φ ∈ ℑn R . We assume that G ∈  SR(Φ;  X), where X(ℝn) is an RIS, if 

G x = GR
0  x + GR

1  x  ; 
BR =  x ∈ ℝn ∶  x < R , R ∈ ℝ+. 

GR
0  x = G x χВR

 x  ;   GR
1  x = G x χBR

с  x  , 

GR
0  x ≅ Ф  x  ,    at  x < R,   GR

1  x ∈  Х(ℝn). 

Definition 1.3. The potentials u ∈ HE
G ℝn  are called generalized Bessel potentials, if 

Φ ∈ ℑn R  ,   where R ∈ ℝ+. 

G ∈ SR Ф ; L1 ∩ E′  ,            G dx ≠ 0 
ℝn . 

Remark  1.4. If 𝐆∗ ∈ E′ (0, T) and u =  G ∗ f:   f ∈  E(ℝn) then u ∈ C ℝn . 
Definition 1.5. Modulus of continuity for u ∈ C ℝn in the uniform norm is defined as: 

ωC
к u ;  τ = sup   Δh

k u 
c
∶    h ≤ τ  , τ ∈ ℝ+ .       (7)  

Definition 1.6. [4]For a (quasi-) normed function space X on ℝn  with X →  C, its continuity envelope 

function ξC,k
X  (t) ∶  (0,∞)  →  [0,∞] is defined by 

ξC,k
X  (t)  =  sup ∥ f ∥X≤1

ωC
к ( f ;t)

tk
  , t >  0.                    (8) 

Definition 1.7. [4]We can also define the majorant function 

ek
X t : =  tkξC,k

X  t =  sup ∥ f ∥X≤1
ωC
к  f ; t , t ≥  0,  (9) 

ek
X is a non-negative, monotonically increasing function. Moreover, one can also consider some 

envelope function adapted to higher-order smoothness moduli,  

ξC,k
X  t =  sup ∥ f ∥X≤1

ωC
к   f ;t 

tk = tkek
X t ,      t ≥  0,    k ∈  ℕ. 
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In particular we denote ξC,1
X = ξC

X  . 

 we want to focus on the relation between continuity envelopes and approximation numbers of 

compact embeddings. We briefly recall this concept.  

Definition 1.8.[4] Let A1 and A2be two complex (quasi-) Banach spaces and let  

T ∈  L A1, A2  be a linear and continuous operator from A1 into A2. The k-th approximation number 

of T is given by  

 am (T )  =  inf{∥ T −  S ∥∶  S ∈  L(A1, A2), rank S <  𝑚.(10) 

Now let Ω ⊂     ℝnbe some bounded domain, X some function space onℝn  , and X Ω  be defined by 

restriction. Assume that X ↪  C Ω . It was proved in [8] that there exists c >  0 such that for all 

m ∈  ℕ, 

 am+1 (id ∶  X(Ω)  ↪  C(Ω))  ≤  cm−
1

nξC,k
X  m−

1

n , 

Definition 1.9. The Lorentz spacesΛq v , where v> 0, is measurable function, is the space of 

measurable functions with finite (quasi) norms: 

 f Λq  v =  ( f ∗q t v t dt)
∞

0

1

q                 ; 1 ≤ q < ∞

ess  supt ∈ 0,∞ { f ∗(t)v(t)}   ;   q = ∞.

 ,      (11) 

 

II. Auxiliary theorems 

Theorem 2.1[7] Let 𝐺 ∈ 𝐿1 ℝ
𝑛 , 𝐺 ≠ 0,𝜙 𝜏 = 𝐺∗ 𝜏 , 𝜏 ∈ ℝ+,  and function 𝑓: ℝ𝑛 ⟶ℝ+, is such 

that with some T∈ ℝ+. 

 𝜙 𝜏 𝑓∗
Т

0
 𝜏 𝑑𝜏 < ∞.                                             

1. For convolution𝑢 𝑥 =  𝐺 𝑥 − 𝑦 𝑓 𝑦 𝑑𝑦,           𝑥 ∈ ℝ𝑛 ,    
ℝ𝑛

 

the following estimate holds𝑠𝑢𝑝𝑥∈ℝ𝑛   𝑢 𝑥   𝑐0  𝜙 𝜏 𝑓∗
Т

0
 τ d𝜏,                                                                   

𝑐0 = 1 +   𝜙 𝜏 

∞

Т

d𝜏   𝜙 𝜏 

Т

0

d𝜏 

−1

.                                 

2. Let more𝐺 ∈ 𝐺𝑘 ℝ𝑛\ 0  , 𝑘 ∈ ℕ,and for𝐺𝑘 𝑥 ≔   𝐷𝛼𝐺 𝑥    ,            𝛼 =𝑘 𝑥 ∈ ℝ𝑛  ,  

with  с1 ∈ ℝ+estimate takes place 

 𝐺𝑘 𝑥  ≤ 𝑐1𝜓𝑘  𝑥  , 𝑥 ∈ ℝ𝑛 , (∗) 
where 

0 ≤ 𝜓𝑘 𝜏 ≔ Ψ𝑘   
𝜏

𝑉𝑛
 

1

𝑛
 ↓on ℝ+, 

and correlations hold𝜓𝑘 𝜏 ≤ 𝜏−𝑘\𝑛𝜙 𝜏 , 𝜏 ∈  0, 𝑇 ,  𝜓𝐾 𝜏 
∞

Т
d𝜏 < ∞.                                                                 

Then the convolution, is continuous onℝ+ and for 𝑡 ∈  0, 𝑇  

𝜔𝐶
𝐾  𝑢 ;  𝑡

1

𝑛 ≤ с2   
τ
−

к

𝑛

τ
−

к

𝑛  + 𝑡−
к

𝑛

 

Т

0

ϕ τ 𝑓∗ τ d𝜏.      (∗∗)          

Here с2 = с1с 𝑑 ,, where 

𝑑 = 1 +
2

𝑇𝜓𝐾 𝑇 
  𝜓𝐾 𝜏 

∞

Т

d𝜏   ,                                                           

с1 −constant of condition (∗),   с = с (𝑘, 𝑛) ∈ ℝ+.  

Under the condition 𝜙 𝜏 ∈  E′ ( (0, T) inequality (3.1) performed for any function 𝑓 ∈  𝐸(ℝ𝑛  ), that 
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is Theorem 3.1 is applicable for any potential u ∈HE
G ℝn , since the formula𝑢 𝑥 =  𝐺 𝑥 −

ℝ𝑛

𝑦 𝑓 𝑦 𝑑𝑦,   𝑥 ∈ ℝ𝑛 ,   is true for it. 

Lemma 2.1.[7] Let the following condition be satisfied: 𝜏−
к

𝑛𝜙 𝜏 𝑑𝜏 ≤ 𝐵0
𝜏

𝑡
𝑡1−

к

𝑛𝜙 𝑡  ,𝑡 ∈  0, 𝑇 , 

where 𝐵0 ∈ ℝ+ independent of t. In addition, let the conditions of Theorem 2.1 be fulfilled. Then 

𝜔𝐶
𝐾  𝑢 ; 𝑡

1

𝑛 ≤ с2  𝜙 𝜏 𝑓∗ 𝜏 𝑑𝜏
𝑡

0
 , 𝑡 ∈  0, 𝑇 ,  where с3 =  1 + 𝐵0 с2 , с2 – constant from  (∗∗)  . 

 

Theorem 2.2. [3]  Let E = Λp v  be the Lorentz space. Here weassume that the following condition 

is satisfied 

 τ−
к

n𝜙 τ dτ ≤ B0
τ

t
t1−

к

n𝜙 t  ,  t ∈  0, T , 

where  B0 ∈ ℝ+is independent of  t. Is satisfied. So, if 𝜙 =  G∗ ∈  E′ ( (0, T) and  

u =  G ∗ f: f ∈  Λp v  there are the following: 

 1)  u ∈ C ℝn .  
2)Let 0 <  𝑝 ≤  1, 𝑡ℎ𝑒𝑛 

ωC
k  u ; t

1

n ≤ с3w 0  t
1

n  u H
Λp  v 
G ,      (12) 

 where w 0  t
1

n = supζ∈ 0,t  
 φ  τ dτ
ζ

0

( ν t dt )
ζ

0

1
p

 . 

3) Let 1 <  𝑝 <  ∞, then 

ωC
K  u ;  t

1

n ≤ с5Ak t  u H
Λp  v 
G ,           (13) 

where 

Ak t ≈      φdτ
ζ

0
   υdτ

ζ

0
 

−1

p
 

p 
υ(ζ)dζ

 υdτ
ζ

0

t

0
 +   φdτ

ζ

0
 

p 

  υdτ
ζ

0
 

−p 

p
 

1

p 

, 

where p =
p

p−1
 . 

 

III. Formulation of the results 

 

Theorem 3.1.Let E = Λp v  be the Lorentz space. Here we preserve the above notations and assume 

that the conditions of Theorem 2.2are satisfied. So, there are the following estimates. 

Let 0 <  𝑝 ≤  1, 𝑡ℎ𝑒𝑛 

ξC,k
X  t ≤ 2c0

w 0 t
1
n 

t
k

n 
,           where  w 0  t

1

n = supζ∈ 0,t  
 φ  τ dτ
ζ

0

( ν t dt )
ζ

0

1
p

 . 

 Let 1 <  𝑝 <  ∞, thenξC,k
X  t ≤ 2c1

Ak  t 

t
k

n 
, 

Ak t ≈      φdτ
ζ

0
   υdτ

ζ

0
 

−1

p
 

p 
υ(ζ)dζ

 υdτ
ζ

0

t

0
 +   φdτ

ζ

0
 

p 

  υdτ
ζ

0
 

−p 

p
 

1

p 

, 

where  p =
p

p−1
 . 
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Proof: 

Let 0 <  𝑝 ≤  1,   from inequality (12) we can write  

 

ωC
k  u ; t

1

n 

t
k

n

≤ с3

w 0  t
1

n 

t
k

n

 u HE
G . 

Then we put in inequality (8) 

ξC,k

HE
G

 t
1

n =  sup ∥ u ∥
H E

G≤1

ωC
k  u ;  t

1

n 

t
k

n

≤ с3

w 0  t
1

n 

t
k

n

. 

Moreover, we put here formula (9), and obtain 

 

  ek

HE
G

 t
1

n : =  t
k

nξC
X t ≤ с3w 0  t

1

n , 

Let 1 <  𝑝 <  ∞, from inequality (13) we can write  

ωC
K u ; t

1
n 

t
k
n

≤ с5
Ak  t 

t
k
n

 u H
Λp  v  
G , 

Then we put in inequality (8) 

ξC,k

HE
G

 t
1

n =  sup ∥ u ∥
H E

G≤1

ωC
K u ; t

1
n 

t
k
n

≤ с5
Ak  t 

t
k
n

, 

Moreover, we put here formula (9), and obtain 

  ek

HE
G

 t
1

n : =  t
1

nξC
X  t

1

n ≤ с5Ak t , 

 

IV. Conclusions 

 

Let E = Λp v  be the Lorentz space. Here we preserve the above notations and assume that 

the conditions of  Theorem 3.1 are satisfied. So, there are the following. 

Let  Ω ⊂   ℝnbe some bounded domain,  HE
G Ω  be defined by restriction.  

We have  HE
G Ω ↪  C Ω . We proved in that there exists c >  0 such that for all m ∈  ℕ, 

if 0 <  𝑝 ≤  1, then  am+1  id ∶  HE
G Ω ↪  C Ω  ≤  cm−

1

nξC,k
X  m−

1

n ≤ с3  cw 0  m−
1

n ; 

ift 1 <  𝑝 <  ∞, then am+1  id ∶  HE
G Ω ↪  C Ω  ≤  cm−

1

nξC,k
X  m−

1

n ≤ cс5Ak  m−
1

n ,   
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