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ABSTRACT

The paper presents a comprehensive study of the complex dynamics of plant-Herbivores animal-
carnivore model. This study established the behavior; dynamics of the 3-participating species along with the
Holling Type-Il & Type-IV functional responses. The local, global stability and Hopf-bifurction analysis of the
system are discussed. Further, we incorporated diffusion in to the P-H-C model and evaluated it’s stability and
then derived the effect of diffusion and instability conditions and also discussed the global stability of diffusion
version of the model system. The study has presented numerical illustrations to scientifically support the
findings of the analysis.
Keywords: Plants, Herbivores, carnivores, Local stability, Global stability, Hopf bifurcation, Reaction-
Diffusion, Turing instability.

1. INTRODUCTION

There is a dynamic and non-linear existence of ecological processes such as Prey- Predator,
Food-Chain structure, etc. One of the significant topics of ecology is the dynamics of the food-chain
system. Most of the researchers extended their studies to better understand the complex hierarchical
behavior of ecological systems in real world,many researchers turned their interests to ecological
models of two or more organisms. Several of the ecological models taken into account in ecological
literature [11-19] are built on functional responses. In food chain models, functional responses play a
vital role. Chaotic dynamics have been found in much literature in 3 species of models with Type-I and
Type-Il functional reactions. Authors like Ranjith Kumar Upadhyay [11,13,16,17,26,29] were
proposed the three species models with Holling Type-II and Type-1V functional responses and
analyzed the behavioral dynamics around the co-existing state and also discussed the bifurcation
analysis around the co-existing state.

Individual species are separated from a biological point of view in environment and generally
interact with physical world and other organisms in their structural neighborhoods. It is very feasible to
study diffusion mechanism in the models of biological, physical and chemical systems.
FengRao,[28,36] stated that Pure Diffusion Mechanism generally results in stabilizing effect in these
systems. This makes the system seems in a stable state and diffusion can also contribute to predator
extinction in some cases.Self-diffusion plays a predominant role in ZhifuXiemodel [25], with its three
species model and instability driven by the intra-species diffusion and intra-species interactions. In his
theoretical analysis, researchers such as David [19, 26] suggest that the feeding strategies of predators
may deter the development of Turing spatial patterns. We were motivated to do this paper by all these
studies.

The paper presents complex behavior model of food chain (P-H-C) with functional responses of
Holling type-1l1 & type-IV without diffusion and with diffusion. In our proposed model, plants are
primary food producers for herbivores and herbivores are food producers for carnivores. So, herbivores
act as prey for carnivores and predators for plants. For the study of the interaction species, Diffusion
models provide a reasonable basis. By using reaction diffusion equations, we formulated a diffusion
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version of system and discussed the stability of system in a coexisting steady state, as well as the
conditions of Turing instability. The proposed model is as follows

2. THE FOOD CHAIN MODEL

In this paper, the plants act as resource biomass. The herbivores grow by eating plants and a
carnivore grows by eating herbivores. In this model of Plants-Herbivores-Carnivores (P-H-C), plants
are purely prey. Herbivores are food source for carnivores and simultaneously food source for
herbivores is plants population. Here herbivore acts as both prey and predator simultaneously. The 3
species food chain model can be mathematically interpreted by the following differential equation
system:

T -(1-2]- L2

dt k) o+P

aH _ (1_ﬂj+ pPR nRC 2.1)
dt I o, +P a,+H

dC y,HC

—= -B,C.

dt a,+H? bo

Where P(t), H(t) and C(t) denote the density of plants, herbivores and carnivores respectively at any
instant of time t. r,s,k,l,o,,, 5y, B, B>, 71,7, are positive constants. The parameters r and s are
intrinsic growth rates of plants and herbivores respectively, and it is also assumed that the growth of
the plants and herbivores is logistic. The parameters g and y, denote the attack rate at which the single
herbivores searches for plant and the single carnivores searches for herbivores, whenever predator is
not currently consuming prey item. The parameters «, and «, are half saturation levels of Herbivores

and carnivores respectively. The parameters k and | are carrying capacities of plant populations and
herbivores population respectively. The parameter g, is the mortality rate of the carnivores.

The system (2.1) has eleven parameters. It is evident that dealing with a system having more
number of parameters is challenging and requires more complicated analysis. Reformulating a model in
dimensionless type is helpful in many aspects. This procedure will facilitate to see the consistency of
the model equations and ensure that each one terms have an equivalent set of units in equation.In
addition, the non-dimensionalization of the model reduces the amount of parameters and divulges a
smaller number of parameters to control the complexities.

After non-dimensionalization, theabove form of system (2.1) is

d_P:ap_pz_ﬂ

dt y+P
AN sH_pz APH__HC (2.2)
dt y+P u+H
ac _ pHC _
dt  u+H?
Where a=L,ﬂ=ﬂ—ll,]/=a—lr,5:i,ﬂ,=&k,ﬂ=a_2s’p=}/_2|.
B S Bk B r Sl S
1535

http://annalsofrscb.ro



Annals of R.S.C.B., ISSN: 1583-6258, Vol. 24, Issue2, 2020, Pages.1534-1547
Received 24 October 2020; Accepted 15 December 2020.

Through the governing framework of non-linear diffusion equations, continuous population
distributions that undergo self-diffusion and interaction in a three-dimensional space are dynamically
defined. The reaction diffusion equations are widely used in ecology as models of spatial effects. In
the study, we included diffusion for both the predator and prey. The diffusion version of the above
system (2.2) is

M_D.AP:aP—PZ—ﬂ'
ot ' y+P’
MUY b p=gH—nz 2PH_HC
2 y+P  u+H? (2.3)
LU _pac-LHC ¢
¥ u+H? ’
oP(u,t) oH (U’t):ac(“’t):o; ueoQ,t>0.
ou ou ou

Where P=P(u,t), H=H(u,t), C=C(u,t)denote the Plant, Herbivore, Carnivore population
o . I ol : .
densities in the habitat 2. The diffusion symbol AzaT denotes the Laplacian operator, aqis the
u

smooth boundary, 2 is outward directional derivative normal to o and positive constants D, D,, D,

are diffusion co-efficient of P, H, C respectively.

3. STABILITY ANALYSIS

This section presents the behavior of proposed system with a diffusion model and without a
diffusion model.
3.1. WITHOUT DIFFUSION

It is observed that the R.H.S of the system (2.2) is continuous and contains continuous partial

derivatives on non-negative state space R® = {(P H ,C) eR*:P>0,H>0,C> O} .Therefore, the system

(2.2) admits a unique solution in R? and it is uniformly bounded. The following theorem proves that
all the species are bounded evenly for any of the initial value inR®.
Theorem (3.1.1) the system (2.2) is bounded uniformly.

Proof: From the first equation of system (2.2), we have Z—T < P(a —P),from that we obtain

-1
-P
P(t)Sa.(1+(aP 0).e“tj (forallt>0). For large value of t, this inequality this inequality

0

1
becomes P(t) < «, forall t > 0. Now, we define Y(t) = % P(t)+H(t)+—C(t), then
yo,

dYe) _ (& +a) .
at

17— Y(t) (Where 7 =min {1, 1,5} ).From that, we obtain
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2 2
Y(t) < (%+ﬂ+e“.((a—;a)+n—ﬂmj fort>0.(By comparison theorem). Thus,

Y(t) = (% P)+H(t)+ C(t)J < ((oﬁ; @) + 77} fort>0. Hence, the system (2.2) is bounded
Yo

Uniformly for anyinitialvalue in R?.
The system has the following six steady states

1).E, =(0,0,0).2).E,=(0,5,0) 3). E, =(e,0,0) 4).E, =(0,H,C) where

N T4 F-4 2 ~ 2
H :Mf’u,(p >4,u)andC=§((§—p)(pi«/p —4,u)—2,u).
5). E4=(I3,If|,0)where H=5+ /“DA and IS=%{(a—y)i\/(0¢—7)2—4(,Blf|—a7/ﬂ.

y+P

+yp? -4
6). The positive steady state E, = (P*,H",C") , where H” =%,

1 2 : . ; o AP
P :E[(a—y)i\/(a+7/) _4pH }Andc —H p|:(5—H )+y+P*}.

Theorem (3.1.2) The interior equilibrium point E, = (P*,H*,C") exists, if p° >4/1,(0¢+7/)2 >2pH"

and /1>(H*—5)[7+P*j.

*

Proof:-Let P*,H",C" are positive solutions of the following equations

H'B*:O,é—P*+ P)t*_ C -0, Hp*2
y+P y+P u+H u+H

By solving these equations we obtain

H*=—pi*“02_4”,P*=l[(a—7)i\/(a—7)2—4(ﬂH*—a7)} and C*=H*p[(5—H*)+ AP }

2 2 y+P

a—P* — -1=0.

Hence, the interior steady state E, = (P*,H"*,C") exists, if p° > 4u, (a+7)2 >2pBH" and

l>(H*—5)[7;*P*J.

Now, we can discuss local stability of the coexistent state point Es = (P*,H",C") as follows
Theorem (3.1.3) The interior steady stateE, =(P",H",C") is stable locally, if B, >0,B,>0and

(BB, —B;) >0, otherwisg, it is unstable.

Proof:- For the point E, =(P*,H",C") the corresponding variational matrix is

b, b, O
J (Es) = b21 b22 b23 , Where
0 b, 0
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HPB hp
(+#)

-1
b =" [ 7] =" 1)
The Eigen equation of J(E;)isA®+B,A%+B,1+B, =0.

Here B, = _(bu + b22) B, = (bubzz _b32b23 _b12b21) ) B3 = b11b32b23'
Now

: : P"H'C" i’ ~-H* 2_H*
B, H_{NlJrP_NZZN; - yp(,u )(Ns ':ﬂ

—P*p _ H Ay b =_H*+[2.C*.H*2:||:(ﬂ+H*2)le

P = N 2

J; and N,, N,, N, are defined by

e TR Bl N;
N, = NINS —(2H'C'N; +P'ANZ) Ny =(u+H"?)>0, N, =(y+P*)>0.
N2(N2—-2C°H"
If g< 2< ?I;N:f )
consider A= BB, -B; = (bu +b,, )(bnbzz — b0, — b12b21) _(b22b32b23) '

_pH {Ng—(H*ﬁ).[[NlH*+P*N§N§](N§—2C*H*)—c*pN§N3(y—H*2)]+

NN
2 C'pNZ(u—H"
[NlH*+P*N§N§}{ﬂ7£N3 Mt T\I(g )J}
2 3

3

2
P < % the coefficients of characteristic equation B, >0 and B, > 0. Again,

A

That implies, A=B,B, —B, > 0if

N (NJ-H'BIN, 1
A>—2_1(C"pNZ(u—H"?)). - —(NZ—-H" NZ—-2C'H"
N§yﬁ{( PN (1 ))[[NlH*+P*N§N§] o [N RN )
Therefore, By Routh-Hurwitze criteria, the interior steady stateE,=(P*,H*,C") is locally
asymptotically stable, if. B, >0,B, >0And (BB, -B,)>0.

Theorem (3.1.4) Along with the conditions stated in the theorems (3.1.2),(3.1.3) and if

H+H"
SH <(7/+ P)(;/+ P*)&p2 >%Then, the steady state E, = (P*,H",C") is globally

*

Asymptotically stable.
Proof: Let’s consider positive definite function

Vl(P,H,C)znl[P—P*—P* In[;j}tn{H —H*—H*In(%j}rna[C—C*—C*ln(%ﬂ,

where n;,n, and n, are positive constants to be determined.

dVl:nlL pHT [P_P*TM{( C'(H+H") )—1}[H—H*]2+

dt y+P)(y+P") p+H?)(u+H?

n,AP"
(7+?)
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Chose non-negative constants
. . C'(H+H"
n=n=ln-——" _ 41— Br+P ) and  if BH <(;/+P)(7/+P*)&p2>(—*),then
2T 4—HH" y H.H

% <0. Therefore by Lyapunov theorem the steady state E, = (P",H",C") is globally asymptotically

stable.

NUMERICAL SIMULATIONS

If choose the parameter values « =0.069 ; $=0.00025; »=0.0985; §=1; 1=0.002; p=2.3
; 1 =0.412 ;Then we obtain The positive Steady state point (P*,H",C")=(0.0687, 0.195, 0.3125) and
B, =0.3125 >0 ; B, =0.0458>0 ; B,B, —-B, =0.0397 >0.Hence, the system (2.2) is stable at the point
(0.0687, 0.195, 0.3125). The corresponding stable graphs as follows

25
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Fig.1 Fig.2

If choose the parameter values o =0.069 ; #=0.00025; »=0.985; §=0.8; 1=0.0312; p=1.538;
1 =0.412 ;Then we obtain The positive Steady state point (P*,H"*,C")=(0.0689, 0.3448, 0.2428) and
B, =0.2089 >0 ;B, =0.0174>0 ; B,B, -B, =0.0374 >0.Hence, the system (2.2) is stable at the point
(0.0689, 0.3448, 0.2428) .The corresponding stable graphs as follows
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If choose the parameter values o =0.0095 ; £=0.0009 ; y= 0.0986; §=1.01; 1=0.78; p=2.1; u=
0.48 ; The corresponding stable graphs as follows
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If choose the parameter values « =0.0095 ; £ =0.0009 ; » =0.0986 ; § =1.01; 2=0.0000000001; p =
2.1; 4 =0.48; The corresponding stable graphs as follows
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If choose the parameter values «=0.1; $=0.0009 ; »=0.0986; §=1.01; 21=0.0001; p=2.1; u=
0.48 ; The corresponding stable graphs as follows
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HOPF BIFURCATION

In this model, several parameters are used to describe the dynamical system's behavior. If any
parameters values used in the model are altered, the behavior of the system will also change. The
sensitive values with such types of transitions are commonly referred to as bifurcation points. Hopf
bifurcation emerges at those points where the system has non-trivial periodic solutions. In this section,
we established that Hopf occurs for the system (2.2) at a critical value A = 1"
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N, —C’ 2
Theorem (3.1.5) Assume that ﬂ<% and /3<%, holds then the simple Hopf bifurcation

2
2

of the system (2.2) emerges at A = 1".

Proof: Assume that the theorem (3.1.3) conditions holds, and

|_et/1*=l\|'\212 {(C*pNg(yH*z)).{ (N:-HAIN, 1 ](NZZH*ﬁ)(NBZZC*H*)}.

¥/ [NlH*+P*N§N§]_N3P*
Then
* * P*H*H* 2 _H*z 2_ "
1‘1_”:%{N1+P_*N22N§}>0, 53‘1:/1*: /”ps(ﬂ )[Ns |3'| IBJ>O
NZN: H N3 N
And
dA _PH'By

dA
[N,H™+P"NZN2 | #0.Therefore, —| . #0.

da'*= NJN; d/i‘ﬁ

Hence, a simple Hopf bifurcation occurs atA =A1".

NUMERICAL SIMULATIONS
Using Theorem (3.1.5) we have determined the critical value of A as 2=2.95. The system is found to
be unstable for 2 > 2 around the positive steady state. The instability graphs as follows

25
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0 100 200 300 400 500 600 700 80O 900 1000
Time

Fig. 10  Fig.11 Bifurcation diagram for 1 =0.39
o =0.0089 ; =0.0009 ;» =0.985 ;5 =1.01; p=2.1; .t =0.48

3.2. WITH DIFFUSION
This section presents a detailed study on dynamics of diffusion version of the system (2.3).

Let ®=(P,H,C) ,D=diag(D,,D,,D,),

PPH o 2 APH HC pHC

F(D)=| aP-P*- ,
y+P y+P u+H u+H

.
Cj , Then the above system (2.3) can be

presented as
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oo =D.AD + F (D),
ot

(Z;f = 0, (D(U,O) = (Po(u)’ HO(U)’CO(U))T

Let O =y <ty <ply < pfly <.oooun. be the Eigen values of the operator —A in Q with a boundary
condition at zero flux, E(z,) be the Eigen space corresponding to x, inC*(Q) .

Let {gokj li=1, 2,3,...dimE(,uk)} be a group of orthonormal Basis of E(z, ) .

Y :{CI):(P,H,C)T e(cl(Q))g;‘;—E’:?j—'::i—E:o on GQ},

dimE ()

Y ={ng>kj ce RS} , theny :éYk, (whereY, = J@l Yy)

In the positive steady state E, = (P*,H",C"), the linearization of the system (2.3) can be represented by
®, = L(D)=D.AD+ J (D), Where

ail 812 O
JO:J(ES): Ay 8y Qy | Here
0 a, O
P'H*p _ —BP” P o R
Q, = P +(}/+P*)z’a'lz—}/_'_P*1321—(}/+P*)2,a22_2(: =} 2-[(#+H 2) :| e

_H* -1
Ay :ﬁ 1Sy :C*p(ﬂ_H*z)-[(ﬂ"‘H*z)z}

Under the operator L, eachk >0,Y, is invariant and 2 is the Eigen value of L if and only if the Eigen
value of the matrix J, = 4D +J,,( 4D = Dk?)i =1,2,3for somek >0 ,then

a; — lez a;, 0 ;
J.(P,H*,C") = a, a,-Dk? a, | (HerekistheWave number.)
0 a,, —D,k?

The stability characteristics of the attracting coexisting equilibrium point are our concern that will leads
to the conditions of Turing instability. From above matrix, we get the Eigen equation of the form
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(D,D, +D,D, + D,D,)k*
det(.]* -2l ) =12 —Tr(J*(P*, H *'C*))ﬂz + —{311([)2 +Dy) +a,(D; + D3)} k* |4
T 818y — 88 — 88y

~det(J,(P",H",C")) =0,
Where Tr(J,(P",H",C"))={a, +a, —(D,+D, + D,)k?},
_det(J*(P*’ H *’C*)) = 8,858y + k* {(3113-22 _a12a21) D3 _azsasle}
-k*(a,D, +a,,D,)D, +k°D,D,D,.
The Eigen equation J, can be written as A% + 5,A4% + 5,4+, =0, where
& =-Tr(J.(P",H",C")),

6y = (DD, + D,D; + D,D,)k* _{311(D2 +D;) +a,(D, + Da)} k* + (83895 — 18 — 8383y,
53 =—det(J,(P",H",C")).

The following theorem has been discussed based on the Routh-Hurwitze criteria

Theorem (3.2.1)The presence of diffusion in the system at the coexisting steady state point is stable
locally only if the following conditions are met:

8y t 8y <(D1+D2+D3)k2 (i)
6 4 2
k”D;D,D; —k"(ay,D, +a,,0;)D; +k {(anazz —a;,8,)D; _azsasle}
+8y183,8y; > 0. (i)

(D,D, + D,Dy + DyD, )k —{ay; (D, + D;) +a,, (D, + Dy)} K
det(J,(P",H",C"))

Tr(J*(P*, H*,c*)) ' (i)

T 818y, — 858y — 8383, <

DIFFUSION INSTABILITY

The conditions for the Turing instability have been calculated in the present section. Provided at
least one Eigen value of the Eigen equation is positive, the system would be unstable. This will happen
when the above theorem (3.2.1) does not contain at least one of the three inequalities.

For above equation (i), since D,,D,,D, and k* are positive, the equation (i) always
holds as a;, +a,, <0 from the stability condition of coexistent steady state. Therefore, the inequality (ii)
can be reversed, that is
h(k) = k°D,D,D; —k*(ay;D, +a,,D;)D; +k* {(a11a22 —ay,8,,)D; _323332D1}+ailaszaza <0.
Where h(k) can be written as
H (k%) = (k*)°D;D,D; - (k*)* (8D, + a,,D;) Dy +k* {(allaZZ —25,8,,)D; - azaa3zD1} +ay;8558,3 < 0.
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Minimum value of H(k?) falls at k? =k?2 and which is given by
1 12
k02 = mx[(auDz +a, Dl)D3 +{(311D2 +a, D1)2 D32 -3D,D, D3 X{(auazz _a12a21)D3 — 88 Dl}} :|
1-2"3

Therefore, H(k.*) <0 is the required diffusive instability condition.

Theorem (3.2.2) For the model system (2.3), the criterion for diffusive instability is taken from critical
wave number k of the first perturbations induced by the solution of the above equation.

C'(H-H")

Theorem (3.2.3) Along with the conditions stated in the theorem (3.2.1) andif (i) p° > T

(")7—

asymptotlcally stable.

) (a—r)< (P+P*) then , the steady state E, = (P*,H",C") is globally

Proof: LetW (P,H,C) = LJ (P- )dP+L2_[ )dH+L3.|‘ C*)dCand

E(t) =W [P(x.t), H(x,t),C(x,t)],Then% — [ W, R 4, H, +W,.C,)dx

dE() P Hooe C LAH' o
T:_i[LlDIFWP' +L2D2F|VH| +I_3D3E|VC| }dx+£{—g+W](P—P ) dx+

i{(ﬂfgiE;‘(;fEZ)‘%l(H -H’) dX+I o+ P)ﬁ(;ﬁ:}}ﬂz —ﬁH](P—P*)(H SH )k

J 1 : [{LSH*/O(H*—:H*)]L2+L3p](CC*)(HH*)dx.

Q(N+H ) (,u+H )
If we choose L1:L2:1,I_3:( Hl_:H*),y:fp*ﬂ,(a—y)<(P+P*)andp2>C*(H—_*H*),then
P _
dI*E(t)<O
da ~

Thus, if the above conditions satisfied, then the steady state E,=(P",H",C") is globally
asymptotically stable.
NUMERICAL SIMULATIONS
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4. CONCLUSIONS
(1).This paper discussed rich dynamics of non-diffusion and diffusion variant of P-H-C model of food

chain system.

(ii).The O.D.E version of the Holling Type-Il and Type-1V P-H-C food chain model was proposed and
discussed the boundedness of the solutions, global and local stability of the system at interior steady
states.

(iii). The occurrence of Hpof bifurcation analysis was discussed and results showed in Fig:10-11
(iv).The diffusion version of the model proposed and discussed both the stability and instability
(Turing stability) conditions for the proposed system at coexisting study state .From the numerical
results, it is evident that the system (2.3) is said to be stable only, if the conditions of the theorem
(3.2.1) are satisfied. The proposed system is said to be unstable, presented if the conditions of the
theorem (3.2.2) are satisfied. It is shown that if all species undergo substantial self-diffusion, the
equilibrium state is always stable and the Eigen values are suitable at large.
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